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Phase reduction techniques

for oscillator networks

Investigating the dynamics of a network of oscillatory units is a timely and urgent topic at

the frontiers of science. Often, the focus is on phase synchronization properties that are

believed to play an important role in information transfer within a network. Defining the

phase dynamics, however, is not a trivial task per se. The literature provides an arsenal of

solutions, in particular for the case of so-called weakly coupled oscillators. Here, we provide a

catalogue of popular techniques for deriving such phase dynamics. They fall into three classes.

(i) Many phase reduction techniques starting off with a Hopf normal form description provide

mathematical rigor. Unfortunately, they come with a caveat in that the proper normal form

has to be derived first. We explicate several ways to do that, both analytically and numerically.

(ii) Other analytic techniques capitalize on time scale separation and/or averaging over cyclic

variables. While appealing for their more intuitive implementation, they often lack accuracy.

(iii) Direct numerical approaches help to identify non-trivial network behavior but come at the

cost of exhaustive and laborious parameter scans. We here review the necessary mathematical

details that underlie the different phase reduction techniques and prepare them for further

application.

Adapted from: Pietras B., Daffertshofer A. (2018). Network dynamics of coupled oscillators

and phase reduction techniques, (Sections 2 – 4). Under review.
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2.1 Phase dynamics of oscillator networks

Recorded signals from oscillator networks often stand out for their dynamical richness, which

is typically manifested in non-trivial or complex macroscopic dynamics. In a network, macro-

scopic complexity emerges through an interplay of the activity of individual nodes. The

interaction between the nodes can hence be considered crucial for the complexity of the

network as a whole. To provide a dynamical account of this macroscopic behavior, one

typically introduces phases and amplitudes at every node, even if the precise oscillator dy-

namics are unknown. In fact, this dynamics might already be very complicated. However,

if phase-amplitude interactions can be neglected at the nodal level, the respective phase

and amplitude dynamics decouple from one another. In this case it suffices to focus on the

first. Eventually, the macroscopic network dynamics can be expressed in terms of nodal

phases only. The separation of phase and amplitude dynamics at the nodal level is a typical

characteristic of weakly connected networks, or, more specific, weakly coupled oscillators.

The attribute ‘weak’ implies that at every node, perturbations through external forcing or

internal coupling are sufficiently small when compared to the size of the state variable of the

unperturbed, single-node dynamics. Large perturbations may induce a qualitative change in

the network dynamics rather than mere quantitative adjustments that, in the case of isolated

perturbations, will lead to an asymptotic return to the state prior to the perturbation. Put

differently, there is a critical strength of perturbation at which the network undergoes a tran-

sition from one macroscopic behavior to a qualitatively distinct macroscopic behavior. This

critical value is arguably reached whenever a bifurcation in the dynamics occurs in at least

one of the nodes. Then, dynamical systems theory no longer allows for describing the node

evolution by its linear approximation. We will hence assume that this critical perturbation

strength will not be exceeded, implying that the nodes of the network are weakly coupled.

To illustrate a weakly coupled network, we sketch five nonlinear oscillators in Fig. 2.1.

Every node shows oscillatory behavior in the two-dimensional state variables xk = (xk, yk) ∈
R2, k = 1, . . . , 5. In the absence of coupling, the nodal dynamics will converge towards stable

limit cycles in the x− y planes shown in Fig. 2.2. There is a closed orbit in the coordinate

plane[1] spanned by the two state variables xk and yk. Each of the state variables is periodic

in time, xk(t) = xk(t+ T ) and yk(t) = yk(t+ T ) for some period T > 0. On the limit cycle,

one can introduce a phase θc = θc(t) that increases monotonically from 0 to 2π during one

period T after which it is reset to zero – throughout this Chapter, the superscript C indicates

that the variables are evaluated exactly on the limit cycle. A perturbation, e.g., via the

coupling to another oscillator xj 6=k, can kick the oscillator away from its limit cycle. If the

perturbation is weak enough and the oscillator remains in the so-called basin of attraction

of the limit cycle, the oscillator’s trajectory will spiral back into the limit cycle; see Fig. 2.3

(panel a). As will be shown below, also in this case a monotonically increasing 2π-periodic

[1] Usually, this coordinate space is called the phase space. In two dimensions, it is also referred to as the
phase plane of xk and yk. However, to avoid confusion between the ‘phase as a state’ and the ‘phase as
function of time’, we stick to the notion of ‘coordinate plane’. For the same reason we do not adopt the
notion of ‘phase transitions’ but rather refer to ‘qualitative changes in macroscopic behavior’ to describe
the transition from one dynamical regime of the collective dynamics to another.
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Figure 2.1: A network of weakly coupled planar limit cycle oscillators. Each oscillator k =
1, . . . , N = 5, is described in the two-dimensional state variabels xk = (xk, yk). The coupling
between oscillators is depicted as red arrows. Without coupling, each oscillator follows the blue
limit-cycle trajectory. Upon perturbution, the oscillator will be kicked away from the limit cycle and
follows a trajectory that leads exponentially fast towards the globally attracting limit cycle. Globally
attracting implies that the basin of attraction spans the whole x − y plane except for the unstable
origin (red). Two trajectories from within the basin of attraction are shown in black.

phase can be defined that we will denote as θ = θ(t).

Next to the phase, one can define an amplitude variable rk that describes the distance

to the limit cycle. This amplitude variable is different from the actual amplitude Rk of

oscillator k, which is given as the (Euclidean) distance to the center of oscillation, which we

set to the origin, such that R2
k = x2

k+y2
k; Fig. 2.3 (panel b). While the amplitude of the limit

cycle oscillation Rck wobbles steadily around a constant, non-zero value, the amplitude Rk

approaches Rck after a short transient. By contrast, the amplitude variable rk is the distance

to the limit cycle: rk = Rck − Rk. It converges to zero as the oscillator reaches the stable

limit cycle. In general, one can convert the amplitude variable rk to the actual amplitude

of oscillation Rk and vice versa. In the following, we will refer to the distance to the limit

cycle rk as the amplitude dynamics unless stated otherwise.

Phase and amplitude descriptions can readily be extended to oscillatory dynamics in more

than two dimensions. And, if oscillators approach their respective limit cycles exponentially

fast, one can focus solely on the phase dynamics. The different time scales at which fast

amplitudes and rather slow phases evolve allows for time scale separation. If additionally the

perturbations are sufficiently weak so that the oscillators are not kicked too far off the limit
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Figure 2.2: An uncoupled planar limit cycle oscillator. (a) The two-dimensional state variable
xk = (xk, yk) follows a closed periodic orbit in the x− y plane, the oscillator’s limit cycle. (b) The
state variables xk(t) = xk(t+ T ) and yk(t) = yk(t+ T ) are periodic in time. (c) The corresponding
phase θ of the oscillator increases monotically between 0 and 2π during one period T . We choose a
reference point on the limit cycle where the value of yk is maximal, see the dashed lines in (a) and
(b). Whenever the oscillatory crosses this point, the phase is reset to θ = 0.



16 Chapter 2

-1 0 1
xk

-1.5
-1

-0.5
0

0.5
1

1.5
y k

0 5 10 15
Time (in sec)

0

0.5

1

1.5

2

R k

0 5 10 15
Time (in sec)

0

0.5

1

1.5

r k

0 5 10 15
Time (in sec)

0

/2

3 /2

2
a) b) c) d)

Figure 2.3: Amplitude and phase description. (a) Two trajectories (black, red) converge to the
oscillator’s limit cycle (blue). (b) The amplitudes in oscillation R2

k = x2
k + y2

k as the distance from
the origin. (c) The amplitudes rk = Rck − Rk denote the distance from the limit cycle C. (d) The
respective phases θ coincide for all times t ≥ 0.

cycle trajectory, the amplitude values will converge to their asymptotic value in a fraction of

a period; see Figure 2.3. Hence, it appears reasonable to consider the amplitudes constant

and approximate them with their asymptotic values. In consequence, one can represent a

high-dimensional dynamics at every node by its one-dimensional phase dynamics only. This

greatly facilitates the study of synchronization and other complex collective phenomena in

oscillator networks.

In the following, we will provide a rigorous account of how the network dynamics of weakly

coupled oscillators can be reduced to a phase model. To do so, we presume that the network

consists of N � 1 nodes, whose dynamical state is given by the vector xk = xk(t) ∈ X ,

k = 1, . . . , N , where X ⊂ Rn is an n-dimensional state space. The evolution of the state

vector is governed by the dynamical system ẋk = Fk(x1, . . . ,xN ;µk), which shall be of the

form[2]

ẋk = fk(xk;µk) + κgk (x1,x2, . . . ,xN ) . (2.1)

The function fk : Rn → Rn determines the node-specific dynamics without coupling, while

gk : RN×n → Rn comprises all coupling effects on oscillator xk through other nodes xj 6=k.

The overall coupling strength is denoted by κ ∈ R and µk are bifurcation parameters. We

will further impose three main assumptions:

(1) The network is weakly coupled. In particular, we assume that the coupling strength

κ� 1 is sufficiently small that it cannot induce bifurcations, that is,

0 < |κ| � |µk| � 1.

(2) The oscillators are nearly identical, i.e. the node-specific dynamics can be written as

fk = f + εf̃k for some small fluctuations f̃k with |ε| � 1; these fluctuations will be

subsumed into the term κgk.

[2] In general, the vector field Fk = Fk(x1, . . . ,xN , t), and hence also fk = fk(xK , t) and gk =
gk(x1, . . . ,xN , t), can explicitly depend on time t. The theory developed below also holds in this non-
autonomous case. For the sake of conciseness, however, we consider here only autonomous individual
dynamics fk and state-dependent coupling gk without further time variations and refer to Section 3.3
for a corresponding discussion.
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(3) The coupling structure is pairwise, i.e. the coupling function can be decomposed into

the sum of pairwise interactions, unless stated otherwise.

By virtue of these assumptions, one can rewrite the dynamical system as

ẋk = f (xk;µ) + κ

N∑
j=1

gkj (xk,xj) (2.2)

with µ being a general bifurcation parameter. In the remainder of this section we will

introduce the mathematical ingredients that enable us to transform (2.2) into the phase

model

θ̇k = ω + κ

N∑
j=1

Hkj (θk − θj) . (2.3)

In particular, we will characterize the state xk of every oscillatory node by a phase variable

θk, k = 1, . . . , N . The corresponding phase dynamics comprises a natural frequency term

ω and contributions from the other oscillators. These contributions sum up by means of

the so-called phase interaction functions Hkj that depend on the pairwise phase differences

θk − θj between oscillators k and j.

2.1.1 Phase definition

The detailed form of oscillators may vary substantially within and between networks un-

der study. To define phase variables, the oscillatory dynamics are required to exhibit self-

sustaining limit cycle oscillations. We illustrate this for the case of a single oscillator that

we write as
ẋ = Fx(x,p;µ) ,

ṗ = Fp(x,p;µ) .
(2.4)

The vector x = x(t) ∈ X ⊂ Rn represents the state variables x1, x2, . . . , xn ∈ R that evolve

according to a vector field Fx. This dynamics is subject to perturbations p = p(t) ∈ Rn,

whose evolution is governed by a vector field Fp. As said, µ is a general bifurcation parameter

that we will drop in this section whenever possible to ease legibility. If we consider merely

additive perturbations, the first equation in (2.4) becomes

ẋ = f(x) + κp(t) , (2.5)

where the perturbations are scaled by the parameter κ, which is typically considered small.

In light of the network cases (2.1) and (2.2), the intrinsic network coupling is simply replaced

by the external perturbations p.

Oscillators If a solution x(t) of (2.4) is periodic in time, x(t) = x(t+T ) for some constant

T > 0, then (2.4) describes oscillatory dynamics. For a given vector field F = (Fx,Fp) one

can associate the flow φ(t) with F starting at some initial state x0 ∈ X as x(t) = φ(t;x0,p).

If (2.4) exhibits a stable time-periodic dynamics without external perturbations, p ≡ 0, then
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the dynamical system ẋ = Fx(x,0) = f(x) describes an oscillator and the corresponding

flow will be denoted by x(t) = φ(t;x0).

Limit cycles & basin of attraction The stable, non-constant, time-periodic solution xc(t) =

xc(t+ T ) of an oscillator ẋ = f(x) follows a trajectory along a closed periodic orbit C ⊂ X .

This stable periodic orbit is referred to as the oscillator’s limit cycle. If we choose an initial

condition x(t0) = xc0 ∈ c on the limit cycle, then the unperturbed flow φ(t;xc0) will stay on

C for all times t ≥ t0. One can parametrize the limit cycle as the set

C := {xc ∈ X | xc = φ(t;xc0), t ∈ [0, T )} . (2.6)

The smallest positive constant T > 0 such that C in (2.6) is a closed orbit is called the period.

The corresponding angular frequency ω of the oscillator xc will be ω = 2π/T . We always

consider the limit cycle C to be hyperbolically stable and without self-crossings.

A hyperbolically stable limit cycle C attracts all solutions with initial conditions x0 ∈ B
in a close vicinity B = B(C) of C. The maximal open set of these initial points is the basin

of attraction. Formally, it can be given by B(C) := {x0 ∈ X | limt→∞ dist(φ(t;x0), C) = 0},
where dist(x, C) := infxc∈C ‖x − xc‖2 is the distance from x ∈ X to the set C ⊂ X in the

Euclidean norm ‖·‖2 on Rn.

Phase The limit cycle C is a one-dimensional manifold in Rn. Every one-dimensional

manifold can be parametrized by a scalar variable. In the case of limit cycle oscillations,

the most appropriate variable is the phase θ that results from a smooth bijective phase map

Θ: C → S1, where Θ(xc) = θc. Naturally, a phase-reparametrization of the limit cycle (2.6)

can be achieved by introducing θ = ωt.

The notion of phase can be extended to the limit cycle’s basin of attraction B(C). This is an

important statement because it underlies all of the to-be-discussed mathematical descriptions

of phase dynamics[3]. We briefly show that this is true: Without loss of generality, we

consider a reference point xc0 of zero phase by putting Θ(xc0) = 0. In the absence of external

perturbation, the phase θc increases constantly on the limit cycle C. In particular, we have

θc = Θ(φ(t;xc0)) = ωt + Θ(xc0) = ωt and θ̇c = ω. Within the basin of attraction, one can

define the unique asymptotic phase θ of the oscillator x ∈ B(C) as

θ := Θ(x) ∈ [0, 2π) (2.7)

such that limt→∞ ‖φ(t;x)− φ(t;φ(θ/ω;xc0))‖2 = 0 holds. The asymptotic phase θ increases

[3] While arguably abstract, our notion of phase enables us to define a phase even for non-smooth oscil-
lators. An example for this is a so-called integrate-and-fire dynamics, in which a scalar state variable
x monotonically increases according to ẋ = f(x) between two thresholds νr < νf with f(x) > 0 for
x ∈ [νr, νf ]. When reaching the upper (firing) threshold νf , the state will be instantaneously reset to
the lower (reset) threshold νr and start integrating again. In that case one can define the asymptotic
phase map Θ as the bijective change of variables

Θ(x) : x 7→ ω

∫ x

νr

1

f(y)
dy ,

with the threshold values νr and νf mapped to θ = 0 and θ = 2π, respectively.
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along all unperturbed trajectories by means of θ = ωt + Θ(x) at the same constant rate

ω. This enables us to use xc(t) and xc(θ) interchangeably when parametrizing the time

t = θ/ω along the limit cycle. We can therefore rephrase the condition above that defines

the asymptotic phase more intuitively as

lim
t→∞

∣∣x(t)− xc
(
θ(t)

)∣∣ = 0 . (2.8)

Isochrons Sets of points x ∈ B(C) with the same asymptotic phase Θ(x) = θ are called

isochrons. Accordingly, (2.8) can be regarded as the isochron condition. As to a rigorous

definition, the isochron I(θ) associated with the phase θ is the set I(θ) := {x ∈ B(C) |Θ(x) =

θ}, which is a co-dimension one sub-manifold in B(C) that transversally crosses the periodic

orbit C.
We illustrate the concept of isochrons and the asymptotic phase map in Fig. 2.4. The

isochrons are perpendicular to the limit cycle. In general, isochrons cover the whole basin

of attraction B(C). In mathematical terms, they define a so-called fibration of B(C).

Figure 2.4: Phase map Θ: B(C)→ S1 associates to each point xj in the neighborhood B(C) of the

limit cycle C an asymptotic phase θj ∈ S1. The set of all points in B(C) that are mapped onto the
same phase θ forms the isochron I(θ) associated with phase θ. Shown are ten isochrons associated
to the phases θn = nT/10, n = 0, . . . , 9. An arbitrarily chosen reference point xc0 ∈ C serves as the
initial phase θ = 0.

2.1.2 Phase response

Phase response curve The phase response curve or phase resetting curve is a crucial de-

terminant for the interaction between oscillators. It measures to what extent an external

perturbation p(t) advances or pushes back the asymptotic phase of an oscillator. A per-

turbation thus leads to a phase advance or phase delay, respectively. More formally, given

a trajectory xc(t) along the limit cycle subject to a pulse-like perturbation p(t) during an

infinitesimal time interval T = limδ→0(t0 − δ, t0 + δ), i.e. p(t ∈ T ) 6= 0, an immediate

strategy to identify the corresponding phase response G(θ,p) at phase θ0 = Θ(xc(t0)) reads:

(i) determine the perturbed point limδ→0 x̃(t0 + δ) ∈ B(C) and its corresponding asymp-

totic phase Θ(x̃);
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(ii) take the difference between the perturbed asymptotic phase and the unperturbed phase

Θ(xc) = θ0;

(iii) repeat (i) and (ii) for all phases θ0 = θ ∈ S1 in order to determine the phase response

curve

G(θ;p) = Θ (x̃)−Θ (xc) = Θ (xc + p)− θ . (2.9)

One can determine the phase response curve also for arbitrary perturbations during finite

time intervals T = (t0, t1) with t1 > t0. For this, the first step above has to be modified

slightly:

(ia) determine the perturbed point x̃(t1) = φ(t1; x̃(t0),p) = φ(t1;xc(t0),p) and the un-

perturbed one xc(t1) = φ(t;xc(t0)), as well as the corresponding (asymptotic) phases

Θ(x̃(t1)) and Θ(xc(t1)).

The dynamics has to be integrated to determine both the perturbed and unperturbed state

at time t = t1. One can continue integrating for longer times, ideally for t → ∞ and,

subsequently, estimate the asymptotic phase difference according to

G(θ;p) = Θ
(

lim
t→∞

φ(t;xc(t0),p)
)
−Θ

(
lim
t→∞

φ(t;xc(t0))
)
.

Note that this definition coincides with

G(θ;p) = Θ (φ(t1;xc(t0),p))−Θ (φ(t1;xc(t0))) .

In the following we will only consider pulse-like perturbations p(t) that are non-zero at

the time instant t0 of the pulse, and therefore omit the explicit time-dependence of p.

Infinitesimal phase response curve If the perturbation is pulse-like, i.e. T → δ(t0), and

sufficiently weak, |p| � 1, then it is convenient to express the phase response in terms

of the infinitesimal phase response curve[4]. Using the directional derivative DΘ(x) [y] :=

limh→0[Θ(x+hy)−Θ(x)]/h, we can define the infinitesimal phase response curve as a map

Q : S1 → R with

Q(θ) := DΘ (xc) [∂pF (xc,0)] = ∇xΘ (xc)·∂pF (xc,0) .

Here, we expressed the directional derivative as the inner product in Rn. ∇xΘ(xc) denotes

the gradient of the asymptotic phase map Θ evaluated on the limit cycle C, and ∂pF (xc,0)

corresponds to an infinitesimal perturbation from the limit cycle trajectory xc at phase θ.

Phase sensitivity function The afore-introduced gradient now written as

Z(θ) = ∇xΘ (xc(θ)) = ∇Θ(x)|x=xc(θ) , (2.10)

[4] Several papers refer to this as infinitesimal phase resetting curve or phase response function.
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can serve to determine the phase response. Z : S1 → Rn is commonly referred to as phase

sensitivity function or linear response function85. It is closely related to the infinitesimal

phase response curve Q: If ∂pF (xc,0) is a unit vector ej along the j-th direction, then

we have Q(θ) = Zj(θ). In fact, this follows immediately from the dynamics (2.5) with uni-

directional additive perturbation κp = κej . The phase response curve (2.9) can always be

computed using Q(θ) since the definitions (2.10) and (2.9) imply

Zj(θ) = lim
p→0

G (θ, pej)

p
. (2.11)

In Fig. 2.5, we depict the phase sensitivity functions of two classic examples, the Stuart-

Landau and the Rayleigh oscillator. The components of Z = (Zx, Zy) describe the effect of

infinitesimal perturbations in the x- and y-direction, respectively. While the phase sensitivity

function of the Stuart-Landau oscillator is sinusoidal in both components, the slightly angular

limit cycle dynamics of the Rayleigh oscillator results in more complicated phase responses

as indicated by the phase sensitivity function.
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Figure 2.5: Phase response of limit-cycle oscillators. (a) Circular limit cycle of the Stuart-Landau
oscillator ż = z − (1 + i)|z|2z with z = x + iy and (b) the two sinusoidal components of the phase
sensitivity function Z = (Zx, Zy), characterizing the response to infinitesimal perturbations in the
x- and y-direction, respectively. (c) The Rayleigh oscillator ẋ = y, ẏ = −ω + (1 − x2)y and (c) its
phase sensitivity function.

2.1.3 Phase dynamics of a single oscillator

For infinitesimal perturbations |p| � 1, the phase response curve (2.9) can be linearly

approximated by the aforementioned phase sensitivity function (2.10) in terms of

G(θ;p) ∼= Z(θ)·p . (2.12)

Whenever the dynamics stays close to the limit cycle C, one may further approximate each

x by its corresponding value xc on C such that the reduced phase dynamics can be given by

θ̇ = ω +G(θ;p) = ω + εZ(θ)·p . (2.13)

In (2.13) we used the parameter κ = ε � 1 to indicate that the perturbation is very small.

In other words, the phase response to a weak, pulse-like perturbation p at phase θc can be

approximated by the product Z(θc)·p.



22 Chapter 2

More rigorously, small perturbations |p| � 1 do not kick the oscillator too far away from

the limit cycle C and the dynamics x can be approximated sufficiently well by the value

on the periodic orbit, x(t) ≈ xc(t), see Fig. 2.3. Moreover, one can formally expand the

dynamics ẋ = F(x,p) for small p around the unperturbed dynamics f(x), i.e., F(x,p) =

f(x) + ∂pF(x,0)p+O2 (p). Taken together, we obtain the asymptotic phase dynamics

θ̇ =
d

dt
Θ(x) = ∇xΘ(x)·ẋ ≈ ∇xΘ (xc)·ẋc ≈ ∇xΘ (xc)·[f(xc) + ∂pF (xc,0)p]

and because θ̇c = ∇xΘ(xc)·f(xc) = ω holds, this form reduces at first order to (2.13).

2.1.4 Phase dynamics of oscillator networks

The phase model (2.13) can be extended to a network of oscillators x1, . . . ,xN with dynamics

(2.2). In the uncoupled case, i.e. for κ = 0, the systems ẋk = f(xk) have the same

hyperbolically stable limit cycle C with period T > 0 and frequency ω = 2π/T . Starting

again with defining phase variables θk according to the isochron condition (2.8) and following

the same reasoning as in the single oscillator case, we end up with

θ̇k = ω + κZ (θk)·
N∑
j=1

gkj(θk, θj) ;

here, we abbreviated gkj(θk, θj) = gkj(x
c(θk),xc(θj)). If the coupling is again sufficiently

weak, one can make use of averaging. For this, we introduce relative phase variables θk =

φk + ωt and find

φ̇k = κZ (φk + ωt)·
N∑
j=1

gkj (φk + ωt, φj + ωt)

with 0 < κ � 1. In order to apply averaging appropriately, the (relative) phases φk have

to be slow variables. To be precise, they have to be so slow that they do not vary within

a period. Then, one can average the right-hand side over one period, which yields the

sought-for phase dynamics (2.3),

θ̇k = ω + κ
N∑
j=1

Hkj(θk − θj) ,

with the phase interaction function

Hkj(ψ) =
1

2π

∫ 2π

0

Z(ϕ+ ψ)·gkj(ϕ+ ψ,ϕ) dϕ . (2.14)

More detailed derivations can be found in, e.g., Kuramoto’s seminal book38(Chapter 5) or

Ermentrout and Terman’s textbook86(Chapter 8.3); see also the recent review87 by Nakao.

In what follows, the network (2.2) and its phase dynamics (2.3) will be our central equa-

tions. We will present different ways how to determine the phase interaction function (2.14).
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Obtaining analytical expressions of Hkj can be an arduous endeavor. The exact determina-

tion of the natural frequency ω as well as of Hkj depends on an accurate description of the

limit cycle and related quantities, e.g., the phase map Θ of every oscillator xk. Accordingly,

one would determine the phase sensitivity function Z first and subsequently Hkj . How this

can be done numerically will be sketched in Section 2.3. Numerics, however, may fail to

unravel the details about the link between the original oscillator dynamics and the reduced

phase model. Therefore, we start with an overview of analytic approaches in Section 2.2.

2.1.5 Collective behavior

Before going into the details of phase reductions of complex oscillator networks, we briefly

recapitulate how macroscopic behavior may look like and how it is typically evaluated and

categorized. The by now conventional outcome measures will be included in our quality

assessment of the to-be-explained techniques. For the sake of simplicity and in line with

our main assumptions above, we consider a pairwise coupling structure where the existence

of a link between two oscillators k 6= j is prescribed by adjacency values Ckj . Moreover,

we consider the pairwise coupling functions gkj(xk,xj) = Ckjg(xk,xj) to differ only by

this factor. This leads to a slight simplification of the oscillator network dynamics and the

corresponding phase dynamics, but suffices to prepare various examples to come.

Considering pairwise coupling, the general dynamical form of (2.2) reduces to

ẋk = f(xk;µ) +
κ

N

N∑
j=1

Ckjg(xk,xj) (2.15)

When the coupling matrix C = {Ckj}k,j has only binary entries, it is also referred to as

adjacency matrix. The pairwise coupling structure in (2.15) leads to the phase dynamics

θ̇k = ω +
κ

N

N∑
j=1

CkjH (θk − θj) , (2.16)

where H is the sole phase interaction function. Comparing this with (2.3) and (2.14), we have

replaced Hkj with CkjH so that we have to determine the phase interaction function only

once instead for each pair of oscillators individually. Moreover, the function H is periodic

with period T = 2π/ω. It can hence be expressed as a Fourier series

H(ψ) =
∑
n≥0

an cos(nψ) + bn sin(nψ) . (2.17)

The (number of) Fourier components an and bn insinuate the ‘degree of complexity’ in the

phase dynamics. In fact, including higher harmonics (n > 1) may give rise to modularity

and clustering of phases, or even to switching behavior between clusters.
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2.1.5.1 Synchronization

Synchronization and de-sychronization are arguably the most discussed phenomena in oscil-

lator networks. In case of two coupled oscillators 1 and 2 with C12 = C21 = 1, conditions

for their synchronization can be summarized as follows. If the oscillators have identical

natural frequencies, ω1 = ω2, and the frequency mismatch ∆ = ω1 − ω2 vanishes, then the

oscillators will synchronize in-phase with θ1(t) = θ2(t) for large enough t or out-of-phase

with |θ1(t) − θ2(t)| = π. In fact, when defining Γ(ψ) = H(ψ) − H(−ψ) one can write

θ̇k − θ̇j := ψ̇ = ∆ + κΓ(ψ). The resulting in-phase synchronized solution ψ = 0 is stable

for κΓ′(0) = 2κH ′(0) > 0. In this case, the phase model exhibits attractive coupling. On

the other hand, the anti-phase solution, ψ = ±π, is stable if κH ′(±π) > 0. Then one

speaks of repulsive coupling. For non-identical oscillators, ωk 6= ωj , phase locking or mutual

synchronization, can be observed as long as κmin Γ(ψ) < ∆ < κmax Γ(ψ) holds.

All these properties can be extended to networks of more than two coupled oscillators.

To illustrate this, we consider positive coupling strengths κ > 0 from now on, unless stated

otherwise. If H(ψ) consists only of first harmonics, i.e. a1, b1 6= 0 but an = bn = 0 for all

n > 1, we retrieve the seminal Kuramoto-Sakaguchi model

θ̇k = ωk − κ
N∑
j=1

sin (θk − θj + α)

with phase lag parameter α. In our previous notation, we have Ckj = −1 for all k, j.

The special case α = 0 yields the classic Kuramoto model, for which a1 = 0 and b1 > 0.

By construction, the Kuramoto model ‘only’ features attractive coupling. The more gen-

eral Kuramoto-Sakaguchi model, whose phase interaction function is commonly written as

H(ψ) = A sin(ψ + α), exhibits also attractive coupling[5] for |α| ≤ π/2. In networks of

identical and globally coupled oscillators, the strength of (attractive) coupling can be arbi-

trarily small such that the network synchronizes. For non-identical oscillators, by contrast,

the heterogeneity in the natural frequency terms tends to suppress synchronization. Yet,

when the coupling exceeds a critical value, a transition to collective synchronization can be

observed38,85.

Commonly, the degree of network synchronization is measured in terms of the complex

Kuramoto order parameter defined as

ReiΨ =
1

N

N∑
k=1

eiθk . (2.18)

The modulus R and the complex argument Ψ represent the amplitude and phase, respec-

tively, of collective oscillations, that is, of the mean field behavior. R takes values between

[5] We can use trigonometric identities to write a1 cos(ψ) + b1 sin(ψ) = A sin(ψ + α) with A2 = a21 + b21
and α = arctan(a1/b1); the latter is the quadrant corrected inverse tangent. If we fix the sign of A by

imposing A = sgn(b1)[a21 + b21]1/2, we find α = arctan(a1/b1) ∈ (−π/2, π/2) for b1 > 0, and |α| > π/2
for b1 < 0. Hence, the coupling is attractive whenever b1 > 0. When b1 < 0, the repulsive character
of the coupling can be revoked through negative coupling strengths κ < 0, in which case κA > 0. On
the other hand, using the convention sgn(A) = sgn(a1), synchronization may not occur when κA > 0 is
fulfilled.
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R = 0, corresponding to a fully incoherent state, and R = 1, corresponding to complete

synchronization of all oscillators. The Kuramoto model provides a seminal example of a

synchronizable phase oscillator network. In the continuum limit, N →∞, and for an appro-

priately chosen distribution g(ω) of natural frequencies, it can be solved analytically. When

increasing the coupling strength, the real-valued Kuramoto order parameter R undergoes a

pitchfork-bifurcation at a critical value (which depends on the properties of g) and the state

of the network switches from incoherence to (partial) synchronization see 38,81,87.

Stability of the synchronized solution

A different approach to assess the network behavior of identical, coupled systems, not nec-

essarily phase oscillators, is based on the master stability function (MSF) formalism88. The

MSF approach is used to determine the stability of the fully synchronized state, correspond-

ing to a vanishing order parameter R = 0, in terms of the eigenstructure of the connectivity

matrix see also 89. For our phase model θ̇k = ω + κ
∑
j CkjH(θk − θj), we are interested in

the stability of the synchronous state θk = θ for all k, that is, θk − θj = 0 for all j 6= k.

Given that close to full synchrony the phase differences tend to be small, we can expand H

around the origin and find at first order H(θk − θj) ≈ H ′(0)[θk − θj ]. Writing the phase

model in vector form, one can find the Jacobian Ĥ at the synchronous state Θ0 = (θ, . . . , θ)

with entries Ĥkj having graph-Laplacian structure Ĥkj = κH ′(0)
(
Ckj − δkj

∑
l Ckl

)
. The

(linear) stability of the synchronous state here depends on the eigenvalues of Ĥ. We note

that one eigenvalue is always zero. If the network is globally coupled, i.e., Ckj = 1 for all

j, k, the synchronized state is stable if κH ′(0) > 0 and unstable if κH ′(0) < 0 cf. 61. Nicosia

and co-workers recently used a similar approach to investigate the mechanisms behind re-

mote synchronization behavior58. When full synchronization cannot be achieved, network

symmetries play a crucial role in establishing functional modules, which do not even require

structural connectivity as represented in the adjacency matrix Ckj .

2.1.5.2 Between incoherence and full synchrony

Observed macroscopic behavior emerges from the dynamics of the network’s nodes. However,

collective dynamics also influence the individual oscillators in turn. It is therefore often

convenient to rewrite the phase model (2.16) & (2.17) in the form of a single oscillator that

is driven by the mean field variables R(t) and Ψ(t):

θ̇k = ωk + κ
∑
n≥0

an(R) cos(Ψ− θk) + bn(R) sin(Ψ− θk) . (2.19)

The Fourier amplitudes an, bn now depend on R, possibly in a nonlinear way. Rosenblum

and Pikovsky investigated a form of the Kuramoto-Sakaguchi model90–92 where a1 and

b1 depended on both R and R3. Due to this nonlinear coupling, a self-consistent partial

synchrony solution can arise with 0 < R < 1 at the border between stability and instability

domains for the synchronous state. Moreover, Rosenblum and Pikovsky found a mismatch

between the time-averaged frequencies of the oscillators and the frequency of the mean field,
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which they called self-organized quasiperiodic solutions. Detecting these non-trivial states

requires a more careful inspection of the network behavior than merely considering the

(averaged) evolution of the order parameter. Poincaré sections can hint at the quasiperiodic

character of the mean-field solution. Furthermore, the evolution of the (instantaneous)

phases, or of their distribution, sheds light on the actual collective dynamics.

Higher harmonics in the phase model increase the variety of non-trivial network behavior.

For instance, for a biharmonic phase interaction function H, i.e. where in addition a2, b2 6= 0,

the occurrence of balanced two-phase-cluster states is expected, and has frequently been

reported93–95. In particular, one can indicate stability boundaries for cluster states according

to the eigenvalues associated with intracluster and intercluster perturbations, respectively.

The eigenvalues for intracluster perturbations can be computed as λintra
n =

∑∞
k=1 bkn, with

bm,m = kn, the (odd) Fourier amplitudes of H. Combining them with those for intercluster

perturbations, we can determine the stability of synchronized (one-cluster, λintra
1 ) and anti-

phase cluster solutions (balanced two-cluster, λintra
2 , λinter

2 ) using λintra
1 = H ′(0), λintra

2 =
1
2

(H ′(0) +H ′(π)), and λinter
2 = H ′(π). The biharmonic phase model will feature global

synchrony for κb1 > 0, and a balanced two-cluster state will be realized if κb1 < 0 and κb2 >

0. Moreover, heteroclinic cycles may occur when κb1 < 0, κb2 < 0 and b1 is comparable to

b2. Heteroclinic cycles define a slow switching behavior of individual oscillators between two

clusters. As illustrated in Fig. 2.6 (panel a), slow switching is characterized by spontaneous

decreases of the real-valued Kuramoto order parameter (top panel). During these rapid

drops of synchrony some oscillators switch from one cluster to the other as can be seen in

the corresponding phase evolution (lower panel). Kori and Kuramoto96,97 argued that slow-

switching may be explained as an effective convergence to an unstable unbalanced two-cluster

solution, and explored the effect of delay on the robustness of the mechanism.

Clusella and co-workers summarize the possible macroscopic dynamics for identical bihar-

(a) Slow switching (b) Oscillating three-cluster state

Figure 2.6: (a) Slow switching between two clusters in a network of N = 1000 biharmonically
coupled phase oscillators. (b) Oscillating three-cluster state for N = 30 identical phase oscillators
with phase interaction function H(ψ) =

√
2 sin(ψ+π/4)−0.09 sin(2ψ)+0.16 sin(3ψ)−0.09 sin(4ψ)−

0.03 sin(5ψ)−0.06 sin(6ψ). Top panels: time evolution of the real-valued Kuramoto order parameter.
Bottom: time evolution of the individual phases.
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monically coupled phase oscillators in98. They also reported self-consistent partial synchrony

solutions; see also the work by Komarov and Pikovsky for an analytic account of the network

behavior for a biharmonic coupling function99,100.

When further increasing the number of harmonics in the phase interaction function, even

small networks of identical phase oscillators can display very rich collective behavior up to

macroscopic chaos, as has been shown for fourth harmonics in101. Numerical simulations can

give insight into the variety of clustering behavior when more than two harmonics are present;

e.g., Okuda reported an oscillating three-cluster state in93. While the order parameter

dynamics may hint at such non-trivial network behavior, it typically fails to provide a clear

picture of the actual phase dynamics. The oscillating order parameter in Fig. 2.6 (panel

b, top) does not provide any sign that there are actually three oscillating cluster states as

revealed by the phase time series (bottom). For that reason, it is important to identify

the characteristics of the collective behavior first and subsequently choose an appropriate

macroscopic observable that is able to capture the actual dynamics.

2.2 Analytic phase reduction techniques

The literature comes with a variety of analytic phase reduction techniques. Primary dis-

ciplines providing these techniques are the physics of complex systems and applied mathe-

matics while engineering adds more to the numerical approaches. As such the techniques

are often tailored to more or less specific settings. While this, in principle, should not be

a problem, there are important differences in the resulting phase models. These differences

are not ‘only’ quantitative ones but can be qualitative in nature, as will be illustrated in

Chapter 3.

The goal of analytic phase reduction is not only to reduce an oscillator network into a phase

model of the form (2.3) but to derive explicit expressions of the natural frequency ω and of

the phase interaction function Hkj in terms of the parameters of the underlying oscillator

model. As outlined in Section 2.1, the phase interaction function Hkj can be determined

through the phase sensitivity function Z(θ) and through the coupling function gkj , cf. (2.14).

Both of them depend on the limit cycle properties of the underlying dynamics. To extract

these properties we make use of an important observation: Oscillator dynamics on the limit

cycle are similar across models if these oscillations emerge through the same particular type

of bifurcation. This similarity gives rise to canonical models for every type of bifurcation,

which capture the essence of the dynamics near the bifurcation point. All dynamical systems

with similar dynamical behavior can be transformed into a canonical model.

The insights from a canonical model can be very fruitful for identifying the phase dy-

namics of the oscillator network. To derive the phase dynamics for systems close to the

same bifurcation, it suffices to consider canonical models of the corresponding dynamical

systems78. Even without knowing the exact equations of the canonical model, the phase

sensitivity function can often be anticipated to have a particular form that is characteristic

for the type of bifurcation see, e.g., 102,103. However, in order to determine the exact form of

the other indispensable ingredient necessary for deriving the phase dynamics, that is, the



28 Chapter 2

coupling function gkj evaluated at the limit cycle, we crucially depend on the equations

of the canonical model. Unfortunately, there is a caveat. As Hoppensteadt and Izhikevich

properly remarked in their textbook78, there does not exist a general algorithm for deriving

canonical models. Normal form and center manifold theories have proven successful candi-

dates to obtain simplified equations and to reduce their dimension, respectively. We will

clarify the intricate link between these theories in Section 2.2.1, and illustrate how to apply

them in the subsequent sections. In some cases, however, the derivation of canonical models

cannot avoid heuristic arguments and restrictive approximations. This is in particular true

if bifurcations are global[6]. When an oscillatory dynamics is close to a Hopf bifurcation,

which is a local bifurcation, one can utilize sound mathematical approaches to explicitly

derive a canonical model. As we base the derivations on normal form theory, we will refer to

it as a normal form. In fact, we will specify it as a Hopf normal form due to the particular

type of bifurcation that will be considered here. Once a Hopf normal form is obtained, it

can be further reduced to the phase dynamics. A rigorous analytic phase reduction is thus a

two-step approach: it consists of a normal form reduction and a subsequent phase reduction

of the normal form. Note that the resulting phase dynamics is described in terms of the

original parameters. Indeed, the normal form/canonical model is achieved through an exact

transformation of the underlying system. Likewise, the phase reduction of the Hopf normal

form is an exact transformation into the phase model.

Reduced phase models are not unique. This is also true for coupled dynamical systems

near Hopf bifurcations. Both for normal form reductions as well as for subsequent phase

reductions one can pick and choose one out of various alternatives. We will present three

of the Hopf normal form reductions in Sections 2.2.2.1–2.2.2.3. They are representative for

the most commonly used normal form reduction techniques, and dwell on time-scale sep-

aration and perturbation arguments (dating back to Kuramoto), subsequent near-identity

coordinate transformations (Poincaré), and a Lie bracket formalism (Takens), respectively.

In Sections 2.2.4–2.2.7 four different phase reduction techniques will be outlined. In prin-

ciple, they are applicable to any network of coupled dynamical systems that exhibit stable

oscillations. However, three of them, namely Winfree’s reduction via isochrons, Kuramoto’s

reduction via Floquet eigenvectors, and Ashwin & Rodrigues’ reduction via symmetries, cap-

italize to some degree on the aforementioned Hopf normal form and there they can be solved

to all extent. The fourth one that falls into the category of averaging and/or time-scale

separation approaches has been extensively used in the context of nonlinear optics dating

back to Haken. Strictly speaking it does not require a normal form description. Our juxta-

position of these techniques will point at how they differ in their conceptual background and

methodological implementation, the general applicability, as well as their accuracy. For the

latter we will particularly focus on the correct determination of the coupling function, where

[6] A local bifurcation is characterized through the loss of stability or the disappearance of an equilibrium.
Qualitative changes of the system’s dynamical behavior are localized in a small neighborhood. Outside
this neighborhood the dynamics remains qualitatively identical unless other bifurcations occur there
simultaneously. If one cannot confine the qualitative changes through a bifurcation to a (small) neigh-
borhood, one speaks of a global bifurcation. Examples for local bifurcations are saddle-node, pitchfork,
transcritical or Hopf bifurcations, while homoclinic and saddle-node on a limit cycle (SNIC) bifurcation
are of global character.
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we even extend the existing theory by incorporating nonlinear coupling terms. After all,

the coupling defines the interaction between oscillators and is thus crucial for the collective

dynamics.

Before going into medias res along exemplary applications in Chapter 3, we will first

provide a very concise inventory of generic analytic techniques to treat oscillator networks

and their phase dynamics. All of them apply to general dynamics with the only assumption

that they exhibit stable oscillatory behavior. However, we will concentrate on oscillators

that are close to a so-called Hopf bifurcation, i.e. around the transition at which oscillations

with a finite frequency emerge or vanish. The Hopf bifurcation allows to rigorously derive

a canonical model[7]. We will present three different reduction techniques in Section 2.2.2.

Central to these reductions are center manifolds and normal forms. Due to their importance,

we will revisit the corresponding theories briefly.

2.2.1 Center manifold and normal form

The concepts of center manifolds and of normal forms are so closely related that many text-

books do not bother to distinguish between them. Often, the center manifold reduction of a

dynamical system is computed first in order to reduce the dimension of the system. After-

wards, this simplified, lower-dimensional system is brought into normal form. However, there

is a subtle conceptual difference to the actual normal form reduction. A normal form reduc-

tion is characterized through smooth, consecutive transformations or changes of coordinates,

which preserve the essential characteristics of the underlying dynamical system and which do

not reduce its dimension. Via the coordinate transformations a normal form reduction leads

to a thorough picture of the dynamics in terms of the system’s stable, unstable and center

manifolds. Normal form reductions even provide the stable and unstable fibrations over the

center manifold104. In this sense, normal forms can be considered more general because the

reduced analytic expressions accurately describe the dynamics also away from bifurcation

points. We will briefly summarize center manifolds and normal forms in the following.

Center manifold Whenever a dynamical system passes through a bifurcation, there is a

sudden qualitative change in the system’s behavior. For instance, a fixed point solution

of the dynamical system switches its stability. This change in stability is represented in

the spectrum of the linearized dynamics about the fixed point: the real part of at least

one eigenvalue changes signs and becomes zero at the critical bifurcation point. The center

[7] The Hopf bifurcation is the only type of bifurcation that allows a step-for-step reduction of the phase
dynamics without rough heuristics. In fact, the seminal work by Eric Shea-Brown and co-workers102

provides a welcoming account of phase reductions of the four co-dimension one bifurcations that lead
to oscillatory dynamics: Hopf, Bautin, SNIC and homoclinic. The global character of the SNIC and
homoclinic bifurcations, however, requires an educated guess about the limit cycle trajectories away
from the respective fixed points undergoing the particular bifurcation, so that the corresponding phase
sensitivity function cannot be parametrized in terms of the original oscillator dynamics. Moreover, the
Bautin bifurcation (or generalized Hopf bifurcation) has the normal form that agrees with that of the
Hopf bifurcation except for the sign of the parameter of the cubic term is different. This leads to a
subcritical Hopf bifurcation, whose branch of unstable periodic orbits becomes stable at a saddle-node
bifurcation of periodic orbits. Given the similarity of their normal forms, it appears reasonable to
restrict our considerations on the phase reduction of oscillatory dynamics that emerge through a Hopf
bifurcation.
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manifold is an invariant manifold corresponding to the eigenvectors associated with the

eigenvalues with zero real part[8]. The dynamics on the center manifold is slower than that

on the stable and unstable manifolds, corresponding to the eigenvalues with negative and

positive non-vanishing real parts, respectively. The attraction towards the stable manifold

as well as the repulsion from the unstable manifold are exponentially fast. Hence, it is

possible to determine the entire dynamics via the center, or critical, modes, i.e. through the

variables xslow corresponding to the slow flow along the center manifold. More formally, the

local behavior of the fast variables xfast around the fixed point can be expressed as

xfast = C (xslow) . (2.20)

Importantly, the function C, albeit arbitrary, only contains terms of second and higher order.

In fact, the expression (2.20) characterizes the center manifold locally with the corresponding

dynamics given by

ẋslow = Lxslow +N (xslow,C (xslow)) . (2.21)

The real parts of all the eigenvalues of the matrix L vanish and N contains all the nonlinear

terms. This center manifold reduction effectively reduces the dimensionality of the system to

the number of eigenvalues with vanishing real part. One may interpret this dimensionality

reduction in that the fast variables xfast are prescribed by the slow ones xslow, which in the

physics literature is often referred to as Haken’s slaving principle 105,106.

In the case of a supercritical Hopf bifurcation, a stable fixed point loses stability as a pair of

complex conjugate eigenvalues crosses the imaginary axes and stable limit-cycle oscillations

emerge. Hence, we have two eigenvalues with zero real part, and the corresponding center

manifold is two-dimensional.

Normal form The normal form of a bifurcation is the ‘simplest’, reduced equation (2.21)

that exhibits the qualitative features of the bifurcation type. The dimension of the normal

form coincides with the number of critical modes, and hence with the dimension of the center

manifold. The normal form can be achieved, e.g., by removing all non-resonant terms in the

nonlinear function C.[9]

Although the nomenclature appears somewhat misleading, normal form reductions do not

necessarily result in the normal form of a bifurcation as defined above. This is only true

close to bifurcations of dynamical systems where all eigenvalues have zero real part, e.g.,

as in the case of a Hopf bifurcation in a two-dimensional dynamical system. The reason

for this is that normal form reductions yield a simplified equation – a ‘normal form’ in the

[8] The eigenvectors associated with the eigenvalues with vanishing real part span the center eigenspace of
the respective fixed point. The center manifold has the same dimension as the center eigenspace and is
tangential to it at the fixed point.

[9] In consequence, the normal form will contain only resonant monomials w
m1
1 · · · · · wmnn with mj ∈

N, j = 1, . . . , n, satisfying

m1 + · · ·+mn = k and m1λ1 + · · ·+mnλn − λk = 0, for each k ≥ 2. (2.22)

For pure imaginary eigenvalues λj of the dynamic’s Jacobian, the second equation of (2.22) becomes
indeed a resonance among frequencies in the usual sense. This resonance property can be proven in a
straightforward way for the semi-simple normal form style cf. Theorem §2.1.5, 107; see also below.



Phase reduction techniques 31

strict sense – of the same dimension as that of the underlying dynamical system. As such, a

normal form reduction is a rigorous transformation of a dynamical system into a simplified

equation without reducing its dimension, whereas a center manifold reduction reduces the

dimension without simplifying the equation[10]. Interestingly, given the normal form through

a normal form reduction, the critical center modes will ‘miraculously’ decouple from the fast

variables and the normal form of the bifurcation on the center manifold is retained104,108.

In the following we will refer to the ‘normal form of a bifurcation’ simply as normal form

unless stated otherwise.

A bit of history Normal form theory goes back to Poinaré’s work109 and has ever since

attracted attention as a technique of transforming nonlinear differential equations to generic

and simpler standard forms near a (local) bifurcation point. The precise normal form can

be determined in different ways. While coordinate transformations have been frequently

used, addressing normal form calculations more categorically involves a matrix representation

method, an adjoint method and a method based on the representation theory of the Lie

algebra sl(2,R). All these methods are strongly connected and, as mentioned earlier, based

on the ideas of Takens110,111. The resulting normal form can be expressed as lying in the

kernel of an adjoint linear operator on the space of homogeneous polynomials104,107,112.

Alternatively, a perturbation technique has been proposed by Nayfeh113 and Yu114, which

dwells on the methods of multiple time scales115 and of intrinsic harmonic balancing116.

The reductive perturbation approach of Kuramoto in Section 2.2.2.1 below also uses a two

time-scale separation.

More recent developments Other approaches to derive normal forms can be subsumed

into time averaging112,117, a Lyapunov-Schmidt reduction method118, and a singular point

value method119,120. The latter were originally meant to determine focus, or focal, values

of a (degenerated Hopf) critical point to prove the existence (and the maximal amount of

multiple) limit cycle(s), but this requires to computation of higher-order normal forms121.

The idea behind the singular point value method is to introduce formal power series and

recursive forms to calculate singular point quantities. The Lyapunov-Schmidt reduction

approach, on the other hand, elegantly reformulates the problem of proving the existence of

periodic solutions emerging from Hopf bifurcations as that of finding a family of solutions of

an abstract equation in a functional space of periodic functions. Its reformulation in terms

of functional analysis allows for a generalization of the problem in infinite-dimensional space
cf. 122. Essentially, one projects the entire system under study into the subspace that is

spanned by the eigenvectors associated with the pair of purely imaginary eigenvalues at the

Hopf point. In contrast to the other approaches, this results into a set of algebraic equations

while the others yield differential equations121. From the point of view of projecting the

system into a specific subspace, also the methods of time averaging and of multiple time

scales fall in the same category. For time averaging one transforms the original autonomous

[10]A center manifold reduction may even lead to the loss of some important nonlinear properties of the
system under study that are linked to the dynamics on the stable and unstable manifolds.
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system ẋ = f(x;µ) into a non-autonomous one via y = exp(tJ)x. Here, J is the Jacobian of

the vector field f(x;µ) at x = 0. Moreover, the domain Ω ⊂ Rn of x ∈ Ω is invariant under

the Lie group Γ = {exp(tJ) | t ∈ R}. The time-dependent system is subsequently solved

using the conventional averaging method117,123,124. It is important to realize that most

of these methods rely on a ‘preprocessing’ and a dimensionality reduction following center

manifold theory, which assures the existence of an amplitude equation and also indicates its

order. For instance, the singular point value method first applies a center manifold reduction

to the original dynamics, which yields a two-dimensional center manifold associated with the

Hopf bifurcation. The perturbation method, by contrast, does not necessarily require such

a center manifold reduction121,125,126.

Uniqueness of normal forms Given the plethora of derivation schemes, it appears obvious

to ask whether they all result into the same, unique normal form. Needless to say, unique-

ness of normal forms can, in general, not be guaranteed, at least not for ‘classic’ normal

forms. Yet, classic normal forms are usually simple enough to become solvable and can be

truncated at a given degree. This leaves the question of asymptotic validity. That is, is a

normal form in terms of a (formal) series, or a truncated normal form, a reasonably good

approximation of the original dynamics? In fact, quite detailed error analyses can be found

in the literature104,127,128. Murdock presents several error estimates in Chapter 5104, among

which there is a basic theorem that allows to estimate an asymptotic error (depending on

the order of truncation and on the initial distance) if (a) the matrix of the linear term is

semi-simple and has all its eigenvalues on the imaginary axis, and (b) if the semi-simple

normal form style is used, see Lemma 5.3.6104
[11]. Fixing a normal form style, however, does

not necessarily determine a unique normal form104. The main reason being is that all higher

order terms in the normal form are normalized with respect to the linear term only, i.e. the

normal form satisfies a condition which is defined through the Jacobian. A more complete

normalization, by contrast, builds on a series of normalizations: first the quadratic term is

normalized with respect to the linear one, then the cubic term is normalized with respect to

the sum of the linear and quadratic terms, etc.[12].

[11]An M ×M matrix A is called semi-simple if it is diagonizable with diagonal entries λ1, . . . , λM ∈ C,
otherwise A is non-semi-simple. A normal form style is connected with the choice of a complementary
subspace Hk of the image of a homological operator applied to a particular vector space Pk, as will
be shown below. The operator is associated with the Jacobian, that is, with the linear term of the
dynamics. In the case that the Jacobian is semi-simple, e.g., in the case of a Hopf bifurcation, there
is only one useful choice of Hk as the kernel of the operator applied to Pk, which is the semi-simple
normal form style. For non-semi-simple Jacobians, the mainly used styles are the adjoint operator or
inner product normal form popularized by Elphick and co-workers129, and the sl(2,R) normal form due
to Cushman and Sanders130.

[12]The resulting higher-level normal forms require more advanced calculations see, e.g., 117,131. The actual
ideas of these fully normalized normal forms go back to Belitskii132 and the work by Baider and co-
workers133,134 One can find alternative notions for higher-level normal forms in the literature like
hypernormal forms, simplest normal forms, or unique normal forms. Higher-level normal forms can
differ for distinct normal form styles applied, but uniqueness may be established within a fixed normal
form style.
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2.2.1.1 Hopf normal form

In view of illustrating the pure theory above, we consider different reduction techniques that

lead to networks of oscillators in Hopf normal form. We will duly introduce Hopf normal

forms in this section both for an uncoupled oscillator, as well as for coupled oscillators in a

network. In Section 2.2.2.1 we will present a physically motivated, reductive perturbation

approach promoted by Kuramoto38. Its inherent separation of time-scales lets this approach

resemble a center manifold reduction. A mathematical approach of a Hopf normal form re-

duction using nonlinear, so-called Poincaré transformations will be subject in Section 2.2.2.2.

For simplicity, we will consider a two-dimensional system so that the dimension of the phase

space already coincides with the one of the expected center manifold. While this approach

is hence kept as mathematically exact as possible, the concept extends naturally to general

n-dimensional systems, where the governing equations restricted to the center manifold can

be computed with a projection method as outlined in Chapter 5.4122. Ultimately, we will

provide a rather general normal form reduction approach in Section 2.2.2.3 that goes back

to early ideas of Takens111 and utilizes an adjoint linear operator expressed in a Lie bracket

formalism. To compare it against the two other methods, we have applied it exemplarily

to a two-dimensional system in Section S.4 of the Supplementary Material, where we also

showed the computations of Hopf normal forms of higher order.

Hopf normal form of a single oscillator The Hopf normal form of a single oscillator in the

vicinity of a (supercritical) Hopf bifurcation generally reads

ẇ = f(w;µ) =

M−1∑
m=0

(−1)mσm|w|2mw +O2M (w) , w ∈ C , (2.23)

with complex-valued coefficients σm = σm(µ) ∈ C. The parameter µ ∈ R denotes the

bifurcation parameter and can be viewed as the distance to the Hopf bifurcation at µ = 0.

The integer M ∈ N defines the order of the Hopf normal form. For second order, i.e. for

M = 2, equation (2.23) takes on the form of a complex Stuart-Landau oscillator.

The complex-valued w ∈ C can be written in polar coordinates (R, θ) as w = Reiθ, or in

planar coordinates x = (x, y) ∈ R2 as w = x+ iy. Then the radius R ≥ 0 and angle θ ∈ S1

satisfy R =
√
x2 + y2 and θ = atan2(y, x). The Hopf normal form (2.23) reads in polar

coordinates

Ṙ =

M−1∑
m=0

(−1)mumR
2m+1 = R · < , θ̇ =

M∑
m=0

(−1)nvmR
2m = = , (2.24)

with σm = um + ivm and real-valued um, vm ∈ R, we abbreviated

< =

M−1∑
m=0

(−1)mumR
2m , = =

M∑
m=0

(−1)nvmR
2m .
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The corresponding planar dynamics of (2.23) is

ẋ =

(
= −<
< =

)
x . (2.25)

Note that in (2.24) the radial dynamics Ṙ decouples from the angular dynamics θ̇. If the

parameters σm = um + ivm are such that Ṙ has a stable non-trivial solution Rc, then there

exists a T -periodic circular limit-cycle solution of (2.23),

wc(t) = xc(t) + iyc(t) = Rceiθ
c

, or xc(t) =

(
xc(t)

yc(t)

)
= Rc

(
cos θc

sin θc

)

with constant radius Rc and constantly increasing phase θc(t) = ωt + θ0. The period T =

2π/ω is defined through the frequency ω. Note that both Rc and ω depend on the normal

form coefficients σm or (um, vm), respectively, with m = 0, . . . ,M − 1.[13] Without loss of

generality we set θ0 = 0 so that θc is uniquely defined through the frequency ω.

Hopf normal form with coupling If we consider an oscillator in Hopf normal form as one

node in a network of oscillators, the governing dynamics read

ẇk = f(wk;µ) +κ gk(w1, . . . , wN )
(2.23)

=

M−1∑
m=0

(−1)mσm|wk|2mwk +κ gk(w1, . . . , wN ) , (2.26)

with coupling function gk : CN → C that depends on all other oscillators wj 6=k ∈ C. The

coupling strength κ is usually assumed to be small, |κ| � 1.[14]

Capitalizing on the assumption of exclusively pairwise interactions as in (2.2), then normal

form reductions preserve this pairwise coupling structure; the proper derivation can be found

in Section S.3 of the Supplementary Material. For simplicity, we further assume that the

pairwise coupling functions gkj between oscillators coincide up to an adjacency value Ckj ∈
{0, 1} that denotes structural connectivity between nodes. Hence, the coupling simplifies to

gk(w1, . . . , wN ) =
1

N

N∑
j=1

gkj(wk, wj) =
1

N

N∑
j=1

Ckjg(wk, wj) . (2.27)

In summary, we consider the network dynamics

ẇk =

M−1∑
m=0

(−1)mσm|wk|2mwk +
κ

N

N∑
j=1

Ckjg(wk, wj) . (2.28)

Two remarks are due at this point: First, thanks to the pairwise coupling structure it

[13]For second order Hopf normal forms, i.e. M = 2, Rc =
√
u0/u1 and ω = v0 − u0v1/u1 if u0, u1 > 0.

For third order, M = 3, Rc > 0 solves u0 − u1R
2 + u2R

4 = 0 if u0, u1, u2 > 0 and u2
1 − 4u0u2 ≥ 0.

The frequency ω then depends on u0, u1, u2, v0, v1, v2.
[14]In line with the foregoing sections we refrain from an explicit time-dependence of the coupling function
gk, but note that the theory also holds for time-varying functions.



Phase reduction techniques 35

suffices to consider only two coupled oscillators w,w′ with dynamics

ẇ = f(w;µ) + κ g(w,w′) , (2.29)

and a similar equation holds for w′. The analytic results of (2.29) can be readily extended

to the whole network in an analogous way. Second, the coupling function g(w,w′) in (2.29)

depends in general also on the complex conjugates of w and w′. We can formally expand

g(w,w′) as a power series

g(w, w̄, w′, w̄′) =
∑

k+l+m+n≥0

gklmnw
kw̄lw′mw̄′n (2.30)

with complex-valued coefficients gklmn ∈ C. Importantly, not all of these coefficients con-

tribute to the reduced phase dynamics. Indeed, only linear and cubic terms provide sub-

stantial contributions to the first and second harmonics of the resulting phase model; see the

subsequent sub-section 2.2.1.2* that builds on95.

Hopf normal form of an oscillator network Considering a network of coupled oscillators

close to a supercritical Hopf bifurcation, the Hopf normal form of the full network reads[15]

ẇk = αwk − β|wk|2wk +
κ

N

N∑
j=1

Ckj
[
γwj + δw̄kw

2
j

]
. (2.31)

For the sake of legibility we renamed σ1 = α and σ2 = β, and introduced the complex-valued

coupling parameters γ = γR + iγI and δ = δR + iδI . With the definitions in Section 2.2.1,

(2.31) defines the Hopf normal form of the entire network w1, . . . , wN as the monomials

N∑
j=1

wj and w̄k
∑
j=1

w2
j

are the only resonant monomials of the pairwise coupling function (2.27).

2.2.1.2 Nonlinear coupling terms in Hopf normal forms*

Allowing for nonlinear coupling terms (2.30) in the network dynamics (2.28), the correspond-

ing phase interaction function H of the reduced phase model includes also higher harmonics,

which may hint at richer collective behavior, see Section 2.1.5. However, only a few non-

linear terms gklmn contribute to the (averaged) phase interaction function H. To be more

precise, only two terms, g0010 and g0120, are the dominant contributors to the first and second

harmonics of H at leading order.

To demonstrate this result, we consider the dynamics (2.29) of two coupled oscillators in

Hopf normal form of arbitrary order M ≥ 1. As mentioned in the previous sub-section,

without coupling, κ = 0, we find a stable limit-cycle solution wc(t) = Rceiθ
c(t) for the two

[15]To be precise, (2.31) is the Hopf normal form of the full network (2.28) with SN ×S1-equivariance and
for exclusively pairwise interactions and large network size N � 1, see Section S.5.
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oscillators; for the sake of legibility we will drop the c and refer to them as w,w′. The

resulting phase model takes then the form θ̇ = ω + κH(θ − θ′), where the phase interaction

function H can be expanded in Fourier space as in (2.17). In the complex plane, we can

compute H as

H(θ − θ′) =
〈
Z(θ) · g(w, w̄, w′, w̄′)

〉
, (2.32)

where a · b = (āb + ab̄)/2 with a, b ∈ C is the complex dot product, the averaging can be

expressed in compressed form as 〈f(θ, θ′)〉 = 1
2π

∫ 2π

0
f(θ + ϑ, θ′ + ϑ) dϑ and the (complex-

valued) phase sensitivity function is given by Z(θ) = −c2+i
R

eiθ; see also Section 2.2.4.

The assumption of the Hopf normal form implies that f(w, w̄) consists only of the resonant

terms |w|nw with n = 0, 1, 2, ..., and that the dynamics ẇ = f(w, w̄) is rotation invariant.

Consequently, both w(θ) and the phase sensitivity function Z(θ) are of the form w = w(0)eiθ

and Z(θ) = Z(0)eiθ. For direct linear coupling g(w, w̄, w′, w̄′) = g0010w
′ the interaction

function H(θ − θ′) = 〈Z(θ) · g0010w
′(θ′)〉 thus contains only first harmonics.

Being near a supercritical Hopf bifurcation, the amplitude of the oscillations is R = |w| =
O(
√
µ), where µ denotes the distance to the Hopf bifurcation in parameter space. Introducing

ε2 = µ, we have R = O(ε) and Z(θ) = O−1(ε). Any higher order term |w|nw in f(w, w̄)

presents then corrections of order O3(ε) and O1(ε) to w(θ) and Z(θ), respectively. In view

of the expansion in Fourier space (2.17), these terms lead to corrections of order O2(ε) in a1

and b1, but they do not contribute to higher harmonics an, bn 6= 0 for n ≥ 2.

If we want the phase interaction function H to contain higher harmonics, we thus have

to take higher-order terms gklmn in the coupling function g(w, w̄, w′, w̄′) into account. For

simplicity, we consider g(w, w̄, w′, w̄′) = wkw̄lw′mw̄′n a single monomial with k, l,m, n ≥ 0

and gklmn = δklmn. Then we have Z · g = Ok+m+n+l−1(ε). On the other hand, it is

Z · g(w,w′) ∝ e−iθ ·
(
eiθ
)k(

e−iθ
)l(

eiθ
′)m(

e−iθ
′)n

= ei(k−l−1)θei(m−n)θ′ .

The latter term contributes to the amplitudes aj and bj of the j-th harmonic (j > 0)

when it is a function of only ±j(θ − θ′). This means that the set (k, l,m, n) has to fulfill

k − l − 1 = ±j and m − n = ∓j. In particular, the term w̄j−1w′j = O2j−1(ε) contributes

significantly to aj and bj . Therefore, the amplitudes of the j-th harmonic are of order

O(Z · g(w,w′)) = O(2j−1)−1(ε), that is,

aj , bj = O2(j−1)(ε) . (2.33)

Note that the reasoning above is in line with the coefficient a0 of the zeroth harmonic,

j = 0, whose major contributions come from the monomial g(w, w̄, w′, w̄′) = w and result

into a constant increase or decrease of the natural frequency depending on the sign of a0.

For j > 0, the term wj+1w̄′j = O2j+1(ε) gives contributions of order O2j(ε) to the j-th

harmonic. However, these contributions present only minor corrections as they are smaller

than aj , bj of two orders of magnitude, and can therefore be neglected. Following this

argumentation, we consider coupling terms of order 3, which yield contributions of order

O2(ε) to the phase dynamics. The terms w2w̄′, |w|2w′, and |w′|2w′ contribute to the first
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harmonics a1, b1. However, their values differ at one order of magnitude from a1, b1, so that

their contributions can be neglected. Likewise, |w|2w and w|w′|2 contribute negligibly to

the zeroth harmonic, namely by less than two orders of magnitude. The only cubic resonant

term that affects the phase dynamics is w̄w′2, which contributes to the second harmonics

a2, b2 at the same order of magnitude O2(ε).

Moreover, we can show that no monomial in g(w, w̄, w′, w̄′) of even order will contribute

to H. Indeed, employing the inner product in complex form (2.32) for g(w,w′) ∝ exp
(
i(k−

l)θ + i(m− n)θ′
)
, we have

H(θ − θ′) ∝ 1

2π

∫ 2π

0

αklmne−i(θ+ϑ)ei((k−l)θ+(m−n)θ′+(k−l+m−n)ϑ)

+ βklmnei(θ+ϑ)e−i((k−l)θ+(m−n)θ′+(k−l+m−n)ϑ)dϑ

∝ 1

2π

∫ 2π

0

αklmnei((k−l+m−n−1)ϑ) + βklmne−i((k−l+m−n−1)ϑ)dϑ , (2.34)

where αklmn, βklmn ∈ C are constants. Due to the inherent averaging in (2.34) and as

exp(inϑ) is 2π-periodic, H(θ − θ′) will vanish if (k − l + m − n) is even. This means that

only monomials of odd order will contribute to the phase interaction function H.

2.2.2 Identifying the Hopf normal form

The starting point for all the Hopf normal form reductions is the oscillator network (2.1),

where each node xk ∈ Rn is close to a supercritical Hopf bifurcation. More specifically and

given the main assumptions on weak coupling, (nearly) identical oscillators and the pairwise

coupling structure, we reconsider (2.15),

ẋk = f(xk;µ) +
κ

N

N∑
j=1

Ckjg(xk,xj)

with vector functions f = (f1, . . . , fn) : Rn → Rn and g = (g1, . . . , gn) : RN×n → Rn and

small coupling strength |κ| � 1. Without coupling, κ = 0, each node has a stable fixed point

solution x̃k. Then f(x = x̃k;µ) = 0 for all k = 1, . . . , N and small values of the bifurcation

parameter µ ∈ R.

The essential assumption for the supercritical Hopf bifurcation is that there is a parameter

value µ = µk such that each fixed point x̃k undergoes a supercritical Hopf bifurcation in the

absence of coupling: For µ < µk, the dynamics (2.15) has a stable fixed point, which loses

stability at µ = µk, and stable oscillations emerge for µ > µk. Without loss of generality we

translate the fixed point to the origin, i.e. x̃k = 0 for all k, and assume that µk = 0. Then

for µ > 0, each node exhibits stable limit cycle oscillations with natural frequency ωk 6= 0

and amplitude Rk = O(ε) where ε =
√
µ.

In the following sub-sections we will illustrate three different ways how to reduce (2.15)
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to the Hopf normal form network (2.31),

ẇk = αwk − β|wk|2wk +
κ

N

N∑
j=1

Ckj
[
γwj + δw̄kw

2
j

]
.

Note that all four parameters α, β, γ, δ ∈ C will depend on the functions f and g as well

as on the bifurcation parameter µ. The different Hopf normal form reductions to be pre-

sented below vary not only in their methodical approach, but also in their accuracy. To

be precise, while, e.g., the reductive perturbation approach in Section 2.2.2.1 discards any

higher order dependence on µ, the nonlinear transforms approach, Section 2.2.2.2, respects

this µ-dependence at all times. The differences between the reduction techniques[16] may be

negligible for small-amplitude oscillations, that is, close to the Hopf bifurcation point with

0 < µ � µ0 � 1. But the resulting normal form techniques will diverge drastically when

the amplitudes of oscillation become larger. These differences eventually become evident in

the reduced phase dynamics and may cause qualitatively different collective dynamics.

In anticipation of Section 2.2.3, the subsequent phase reductions of the reduced Hopf

normal form dynamics (2.31) are all identical within the theory of weakly coupled oscillators.

Hence, possible inconsistencies between the resulting phase models are solely due to the

different levels of accuracy of the normal form reductions. For this reason, we will refer to

the analytic phase reduction techniques as their underlying normal form reductions, reductive

perturbation reduction and the nonlinear transform reduction, respectively.

2.2.2.1 Kuramoto’s reductive perturbation

To outline Kuramoto’s early approach to derive the Hopf normal form we adopt the rea-

soning of Chapter 2 in his seminal book “Chemical Oscillations, Turbulence, and Waves”38.

The approach belongs to the general group of reductive perturbation methods, which include

all related techniques using stretched space-time coordinates. It builds on the method of

multiple scales by dwelling on a small parameter expansion, much related to bifurcation

theory135. Although the mathematical theory in the presented reductive perturbation ap-

proach lacks some preciseness, as has already been noted by Haken and Kuramoto136,137,

the method has proven to be of indisputable utility in practice.

The ultimate goal of the reductive perturbation approach is to derive a so-called amplitude

equation, which coincides with the canonical model of the the network of oscillators close

to a supercritical Hopf bifurcation. Given the system (2.15), we recall that we can actually

focus on two coupled oscillators x,x′ ∈ Rn with dynamics

ẋ = f(x;µ) + κ g(x,x′) (2.35)

[16]The accuracy of the reductive perturbation method is at first order in µ. The accuracy of the nonlinear
transform approach is at the same order in µ as the order M of the normal form. As to the third approach
based on Takens, it is possible to achieve the same accuracy as with the nonlinear transform approach.
To do so, one assumes the parameter µ to be an additional variable and consider the n+ 1-dimensional,
so-called extended system. The subsequent transformations then become parameter-dependent and can
be implemented in the corresponding algorithm, see Section 2.2.2.3 and108. For the sake of simplicity,
however, we present only the non-extended system, thereby providing another normal form with the
same accuracy as the reductive perturbation approach.
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and an analogous expression for x′, ẋ′ = f(x′;µ) + κ g(x′,x). Due to the symmetry it

suffices to consider only the dynamics of x in the following. The stable fixed point solution

x = 0 undergoes a Hopf bifurcation at µ = 0, giving rise to stable limit-cycle oscillations

with amplitude R = O(ε) where ε =
√
µ. In the following we will only consider µ > 0 and

small coupling strengths 0 ≤ |κ| � µ � 1. We further substitute κ 7→ ε2κ, which indicates

the smallness of κ compared to µ. The dynamics (2.35) thus becomes

ẋ = f(x; ε2) + ε2κ g(x,x′) .

Next, we expand f(x; ε2) around x = 0 in terms of

f(x; ε2) = n1(x; ε2) + n2(x,x; ε2) + n3(x,x,x; ε2) +O4(x) , (2.36)

where the functions nk are given by

nk(u(1),u(2), . . . ,u(k); ε2) =

n∑
i1,...,ik=1

1

k!

(
∂kf(x; ε2)

∂xi1∂xi2 . . . ∂xik

)
x=0

u
(1)
i1
u

(2)
i2
. . . u

(k)
ik

(2.37)

with u(j) =
(
u

(j)
1 , . . . , u

(j)
n

)ᵀ
∈ Rn. We further expand nk with respect to ε2 and immedi-

ately obtain

f(x; ε2) = L̂0x+ ε2L̂1x+ n2(x,x) + n3(x,x,x) +O4(x) , (2.38)

where n2(x,x) = n2(x,x; ε2 = 0) and a similar expression for n3; see also Section S.1 in

the Supplementary Material. In (2.38) we omitted all O(ε2) terms in n2 and n3. Since we

assumed x to undergo a Hopf bifurcation, the operator L̂0 has a pair of purely imaginary

eigenvalues ±iω0, while the other n− 2 eigenvalues have non-vanishing real part. Let u and

v denote the right and left eigenvectors of L̂0, respectively, corresponding to the eigenvalue

+iω0. That is, L̂0u = iω0u and vL̂0 = iω0v. They are normalized as vu = v1u1 + · · ·+
vnun = 1 and fulfill vū = v̄u = 0. Furthermore, let x0 denote the solution to the linearized

unperturbed system, ẋ = L̂0x, which can be given as

x0(t) = weiφ(t)u+ w̄e−iφ(t)ū . (2.39)

w is an arbitrary complex number (the “complex amplitude”), and φ(t) = ω0t. In general,

however, a solution x(t) that satisfies the full dynamics (2.35) will deviate from x0(t). When

introducing a rescaled time, τ = ε2t, and considering w = w(τ) to be time-dependent (on

the slower time scale), we can describe the time-asymptotic behavior of x(t) in the form

x = x0(w, w̄, φ) + ρ(w, w̄, w′, w̄′, φ) ,

ẇ = f(w, w̄) + κg(w, w̄, w′, w̄′) . (2.40)

The functions ρ, f, g are to be determined through perturbations, i.e., by considering a ‘small’

deviation from the exact solution x = x0 and expanding ρ, f, g around it. Equation (2.40)
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is referred to as amplitude equation. The explicit form of f(w,w′) in lowest order is

f(w, w̄) = αw − β|w|2w . (2.41)

Here, α and β satisfy

α = vL̂1u ,

β =− 3vn3(u,u, ū) + 4vn2

(
u, L̂

−1

0 n2(u, ū)
)

+ 2vn2

(
ū, (L̂0 − 2iω0I)−1n2(u,u)

)
,

(2.42)

where I denotes an n-dimensional identity matrix; cf. Eqs. (2.2.17–20) in38. The exact

derivation with all mathematical details as well as a general form of the coupling function

g(w, w̄, w′, w̄′) can be found in Section S.1 in the Supplementary Material.

Linear coupling can be either diffusive or direct (non-diffusive), i.e g = gdiff or g = gdir,

respectively, yielding

gdiff(x,x′) = D̂(x′ − x)

gdir(x,x
′) = D̂x′

}
=⇒

{
gdiff(w,w′) = γ(w′ − w)

gdir(w,w
′) = γw′

, (2.43)

with γ = vD̂u and D̂ ∈ Rn×n, see also95.

According to (2.31), a second-order amplitude equation for weakly coupled oscillators near

a supercritical Hopf bifurcation point with linear coupling κγw′ obeys the form

ẇ = αw − β|w|2w + κ(γw′ + δw̄w′2) , (2.44)

where the complex constants α, β, and γ are given in (2.42) and (2.43), and δ ∈ C reads

δ = 2vn2

(
ū, (L̂0 − 2iω0I)−1D̂(L̂0 − 2iω0I)−1n2(u,u)

)
. (2.45)

For more general, nonlinear couplings g(x,x′) =
∑
j,k≥0Gjk(x,x′), only the parameter δ

in (2.44) changes to

δ = 2vn2

(
ū,
(
L̂0 − 2iω0I

)−1
[
G01

(
L̂0 − 2iω0I

)−1 · n2(u,u)−G02(u,u)
])

− vG11

(
ū,
(
L̂0 − 2iω0I

)−1
n2(u,u)

)
+ vG12(ū,u,u) , (2.46)

where G01 is the matrix corresponding to direct linear coupling, that is, G01 = D̂, see

(2.43), and Gjk are nonlinear coupling terms of order j + k as defined in Section S.2 in the

Supplementary Material. For linear coupling all Gjk vanish except for G01, in which case

we retrieve (2.45).

2.2.2.2 Poincaré’s reduction via nonlinear transforms

Instead of employing perturbation theory one can alternatively derive the Hopf normal form

via nonlinear transforms, as already used by Poincaré. To introduce this, we follow closely
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the line of argument in Kuznetsov’s textbook122 (Chapter 3). We consider again the dy-

namics (2.35) for two weakly coupled oscillators as in the previous sub-section. To simplify

notation, we restrict our case to only two dimensions x = (x, y),x′ = (x′, y′) ∈ R2. The

straightforward extension to n-dimensional dynamical systems can be found in Chapter 5122.

As usual, for µ = 0 both uncoupled units undergo a supercritical Hopf bifurcation. We can

decompose f into a linear and nonlinear part,

f(x) = L(µ)x+ F (x;µ) ,

where L(µ) has eigenvalues λ(µ) = %(µ)±iω(µ) that satisfy %(0) = 0 and ω(0) = ω0 > 0. The

goal of the nonlinear transform approach is to rewrite the dynamics in a generic form (2.26)

and to provide an instruction how to determine the corresponding complex parameters with

a sequence of near-identity transformations. For this, the two main steps are as follows: (i)

transform the uncoupled part f(x;µ) into the desired Hopf normal form α(µ)w−β(µ)|w|2w,

and (ii) apply the transformation to the coupling term g(x,x′) and derive the respective

parameters of the coupling function g(w,w′). The nonlinear coupling terms in g(x,x′) can

pose a challenge, indeed. That is why often all nonlinear coupling terms are disregarded in

order to derive the reduced coupling function g(w,w′). We here show, however, how nonlinear

coupling terms can be treated within the nonlinear transforms approach. In the following,

we briefly sketch the strategy and refer to Section S.3 in the Supplementary Material for all

mathematical details.

(i) We write the dynamics (2.35) in complex form

ż = λz + f̃(z, z̄;µ) + κ g̃(z, z̄, z′, z̄′;µ) , (2.47)

where the transformation x ∈ R2 7→ z ∈ C in the complex plane is determined by the

eigenvectors of the Jacobian L. Provided that the uncoupled part of (2.47) can be

approximated in polynomial from up to third order, that is,

ż = λz +
∑

2≤k+l≤3

fklz
kz̄l +O4(z) , (2.48)

we can achieve the Hopf normal form for an uncoupled oscillator ẇ = λw − β|w|2w +

O4(w) via a Poincaré transformation, i.e. a nonlinear near-identity coordinate trans-

form

z = ψ(w) = w +
∑

2≤k+l≤3

hklw
kw̄l . (2.49)

The coefficients hjk depend on λ and the fkl and can be identified through introducing

a local inverse transform and a subsequent comparison of coefficients, see Section S.3.

(ii) The more cumbersome part is to reduce the coupling function g(w,w′) = g(w, w̄, w′, w̄′)

explicitly. This yields a formal power series

g(w, w̄, w′, w̄′) =
∑

k+l+m+n≥0

gklmnw
kw̄lw′mw̄′n , (2.50)



42 Chapter 2

from g̃(z, z′) = g̃(z, z̄, z′, z̄′) using the transform (2.49). Note that the near-identity

character of the transforms leaves the linear terms of g̃(z, z′) unchanged. This means,

in case of direct linear coupling g̃(z, z′) = γz′ we can directly infer the coefficients

g0010. However, due to the higher order terms in (2.49), we readily find coefficients

gklmn with k + l+m+ n > 1. As mentioned above, we do not need to calculate all of

them. The coefficients of third order are g2100, g2001, g0120, g0021, g1110, g1011 and those

contributing dominantly to the first and second harmonics of the phase model can be

given by

g0010 = g̃0010

g0120 = 1
2

(
g̃0120 − h11g̃0020 − h01g̃0002 + h20g̃0110 + h02g̃0101

−h11h20g̃0010 − h11h02g̃0001 − |h02|2g̃0010 − h20h02g̃0001

)
,

where g̃klmn are the coefficients of the respective power series of g̃(z, z̄, z′, z̄′) in (2.47).

These coefficients again depend on the foregoing transformation into complex coor-

dinates and can be expressed in terms of the eigenvectors of L and of the original

coupling term g(x,x′). The resulting expression become rather lengthy and we re-

frain from computing them explicitly but note that the method can be implemented

in algorithmic form[17].

2.2.2.3 Takens’ reduction via Lie brackets

This admittedly more abstract, yet frequently used technique to compute the Hopf normal

form has been introduced by Leung and co-workers138,139 but is coined according to Takens’

corresponding work111. The approach belongs to the class of the so-called matrix represen-

tation methods. It allows for determining arbitrary higher-order Hopf normal forms, though

the resulting normal form is of the same order of accuracy as the reductive perturbation

technique in Section 2.2.2.1[18]. We again start off with dynamics (2.35) in the vicinity of

the fixed point x = 0 with |µ| � 1 sufficiently small. After diagonalizing the Jacobian

L(µ) = Df(x;µ) evaluated at (x;µ) = (0, 0), we find the dynamics in Jordan normal form

ż = Jz + F (z) + κG(z,z′) , (2.51)

with J = diag(λ1, . . . , λn), where λj ∈ C, j = 1, . . . , n, are the complex eigenvalues of L(0),

and F comprises all nonlinear terms in z. As usual, we first consider (2.51) with κ = 0

and neglect the coupling function G(z,z′) for the time being. Once we have established a

[17]There is a prevailing and inherent dependence of all coefficients on the bifurcation parameter µ. Evalu-
ating the resulting formulas at the bifurcation point, µ = 0, reveals the similarity to the reductive per-
turbation approach, cf. Section 2.2.2.1. For instance, we can determine the parameter β(0) = β(µ = 0)
that relates to the cubic term in the normal form as

β(0) = − i
2ω0

(
f20f11 − 2|f11|2 − 1

3 |f02|
2
)
−

1

2
f21 .

This closely resembles equation (2.42) in the previous sub-section.
[18]The technique presented here applies only to vector fields that have a single zero eigenvalue or a single

pair of purely imaginary eigenvalues112. Moreover, we restrict the theory to the semi-simple case only,
that is, the dynamics have a diagonizable linear part.
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transformation

z = P (w) = w + p(w) , (2.52)

which removes all irrelevant terms (up to a given order) from the Taylor series of

ẇ = (DP (w))−1 [JP (w) + F
(
P (w)

)]
, (2.53)

we can apply the same change of coordinates also to the coupling terms. The transformation

(2.52) is nearly-identical due to its linear part, such that G(z,z′) and the transformed

coupling function G̃(w,w′) coincide up to first order. We expand the nonlinear function

F (z) as a series of homogeneous polynomials

F (z) = F 2(z) + F 3(z) + · · ·+ F r(z) +Or+1(z) , F k ∈ Pk , (2.54)

where Pk is the set of homogeneous polynomials of order k, and r ∈ N. Next, we introduce

an adjoint operator LJ : Pk → Pk via

LJ(Y )(z) = [Y ,Jz] (z) = JY (z)− (DY (z))Jz , (2.55)

where [·, ·] denotes the Lie bracket. With this definition we can immediately use the Takens’

normal form theorem111,112,138: Given a system ż = Jz + F (z) of differential equations,

with F = F 2 + F 3 + . . . as in (2.54) truncated at order r, F (0) = 0, choose a complement

Hk of LJ(Pk), such that Pk = LJ(Pk)⊕Hk. Then, there is an analytic change of coordinates

in a neighborhood of the origin which transforms the system above to ẇ = h(w) = h1(w) +

h2(w) + · · ·+ hr(w) + Rr with h1(w) being the linear term and hk ∈ Hk for k = 2, . . . , r,

and residual Rr = Or+1(w). The proof of this theorem is constructive and by induction,

using a series of coordinate transforms z = w + pk(w) with pk homogeneous polynomials

of degree k with k = 1, . . . , r. The coefficients of pk are to be determined in each step such

that

F k(w) + LJ(pk)(w) ∈ Hk . (2.56)

Details of the proof and further examples can be found in104,111–113,138,139
[19]. Since we

address classical, first-level normal forms only, the entire transformation procedure is based

on the Jacobian, that is, on the linearized dynamics near the bifurcation point. If the

bifurcation possesses a certain symmetry, these symmetry properties become apparent in

the Jacobian and are thus induced on the nonlinear part of the computed normal form. In

particular, systems near a Hopf bifurcation are mapped by a polynomial transformation to

a normal form that has circular symmetry.

A practical application of this computational approach to a two-dimensional system z =

(z1, z2) near the Hopf bifurcation can be found in Section S.5 of the Supplementary Mate-

rial including further mathematical details. Unfortunately, the complexity of computing the

coefficients for higher order normal forms increases rapidly as the determination of parame-

[19]J is semi-simple, so the complement Hk will be chosen as Hk = ker
(
LJ (Pk)

)
as mentioned above. In

this case, a direct calculation shows that Hk is spanned by all resonant monomials of order k for each
k ≥ 2, from which (2.22) follows.
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ters builds recursively upon each other and on the lower order near-identity transformations

pk, k ≤ 4. It hence becomes necessary to implement efficient algorithms in symbolic com-

putation software without running in danger of overflow errors due to memory storage. An

arithmetic algorithm including the computation of normal forms up to order 11 has been

presented in139. In fact, once higher-order normal forms and their corresponding series of

transformations pk have been established, the latter can be applied to the coupling term

κG(z,z′) of (2.51). For our purposes, however, it is sufficient to consider the transformed

coupling up to third order. Since we already illustrated the derivation of the coupling term

using nonlinear transforms in great detail in sub-section 2.2.2.2, we here refrain from further

heavy mathematics.

2.2.3 Interlude

Against the background of normal form reductions from the previous Section 2.2.2, we

will now introduce four commonly used techniques to reduce oscillator networks to phase

models. Section 2.2.4 will be devoted to the explicit computation of the asymptotic phase

map Θ(w), whose gradient evaluated at the limit cycle readily provides the phase sensitivity

function Z. This method has already been promoted by Winfree85 but reaches its limits

when considering Hopf normal forms of order higher than M = 2. In this case, Kuramoto’s

method using Floquet eigenvectors can be applied, which will be presented in Section 2.2.5.

In Section 2.2.6 we revise an elegant phase reduction approach dwelling on equivariant theory

and symmetry properties of the network. This approach requires the network to be in Hopf

normal form. While the previous two methods can, in principle, be applied to any dynamical

systems that exhibit stable limit cycle oscillations, the Hopf normal form presents one of the

few examples where they can be explicitly exerted to all extent. In Section 2.2.7 we will

reconsider averaging theory. The rotating wave approximation and slowly varying amplitude

approximation introduced there are widely applicable and also hold for oscillatory networks

beyond the weak coupling assumption. However, for oscillator networks in Hopf normal form

within the theory of weakly coupled oscillators, all four presented phase reduction techniques

(Winfree, Kuramoto, Ashwin & Rodrigues, and Haken) will result in the same reduced phase

model despite the different methodical approaches. To demonstrate this, we use, as usual,

a network of weakly coupled oscillators. They are close to a supercritical Hopf bifurcation

such that we can use the Hopf normal form description (2.31) of the network,

ẇk = αwk − β|wk|2wk +
κ

N

N∑
j=1

Ckj
[
γwj + δw̄kw

2
j

]
, (2.57)

with sufficiently small coupling |κ| � 1. Then, all the analytic phase reduction techniques

will result in the phase model (2.16),

θ̇k = ω + κ

N∑
j=1

CkjH (θk − θj) , (2.58)
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where the phase interaction function H can be expanded as a Fourier series (2.17),

H(ψ) =
∑
n≥0

an cos(nψ) + bn sin(nψ) . (2.59)

The analytic phase reduction techniques present mathematical recipes along which we can

determine the frequency ω and the amplitudes an, bn of the Fourier modes in terms of the

normal form coefficients α = u0 + iv0, β = u1 + iv1 as well as γ = γR + iγI and δ = δR + iδI .

The frequency and the Fourier coefficients of first and second harmonics of the reduced

phase models will coincide across all analytic phase reduction techniques. The frequency

reads ω = u0(c0 − c2) and the Fourier coefficients are

a1 = γR(c1 − c2) , b1 = −γR(1 + c1c2) ,

a2 = R2δR(c3 − c2) , b2 = −R2δR(1 + c2c3) ,
(2.60)

where we abbreviated c0 = v0/u0, c2 = v1/u1, c1 = γI/γR, and c3 = δI/δR, and R denotes

the amplitude of oscillation.

2.2.4 Winfree’s reduction via isochrons

The idea behind the reduction via isochrons dwells on explicit expressions of the asymptotic

phase map Θ(x) along the isochrons I(θ) and of the limit cycle C. Once these expressions

have been obtained, the phase sensitivity function can be determined as the gradient of the

asymptotic phase map and the coupling function can be evaluated at the limit cycle as has

been outlined in Section 2.1.4. Their product eventually determines the phase sensitivity

function H, which is the backbone of the phase model (2.16). In principle, this approach can

be applied to every dynamical system that exhibits stable limit cycle oscillations. However,

it is essential to include explicit expressions of Θ and C, which, unfortunately, cannot be

obtained analytically in the majority of cases.

Here, we illustrate the procedure along a network of oscillators in Hopf normal form

(2.31) of second order, M = 2. The uncoupled oscillator in polar coordinate form (2.24) has

a globally attracting limit cycle

wc(t) = Rceiωt

with radius Rc =
√
c2 and frequency ω = v0 − v1c2 with c2 = u0/u1. The asymptotic phase

map θ = Θ(w) defined in Section 2.1.1 for x = (Re(w), Im(w)) in R2 \ {0} fulfills θ̇ = ω. Its

explicit form reads

Θ
(
w = Reiφ

)
= argw − v1

u1
ln
∣∣∣ w
wc

∣∣∣ = φ− βI
βR

ln
∣∣∣ R
Rc

∣∣∣ .
The phase sensitivity function Z(θ) =

(
Zx(θ), Zy(θ)

)
= ∇Θ(w)

∣∣
w=wc

is the gradient of

the phase map Θ evaluated at the limit cycle wc. For infinitesimally small and pulse-

like perturbations p = xp + iyp, we can compute Z also via the phase response function
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G(θ,p = xp + iyp) = Θ(wc(θ) + p)− θ according to (2.11) as

Z(θ) =

(
Zx(θ)

ZY (θ)

)
=

(
∂xG(θ,p)

∂yG(θ,p)

)
xp=yp=0

The explicit forms of Z(θ) ∈ R2 as well as of the corresponding complex-valued form Z(θ) =

Zx(θ) + iZy(θ) are

Z(θ) =
1

Rc

(
− sin θ − c2 cos θ

−c2 sin θ + cos θ

)
and Z(θ) =

−c2 + i

Rc
eiθ . (2.61)

When considering the network dynamics (2.31), we strive for the phase model (2.16)

with interaction function H, which was defined as the scalar product of the (real-valued

vector function) Z and the corresponding (real-valued) coupling function g in vector form[20]

averaged over one period T = 2π/ω. In the complex plane, the scalar product becomes the

complex dot product[21] and the phase interaction function can be computed as

H(ψ) =
1

2π

∫ 2π

0

(−c2 + i)ei(ψ+ϕ) ·
(
γei(ψ+ϕ) + δ(Rc)2e−i(ψ−ϕ)

)
dϕ .

Evaluating the integral results exactly in (2.17) & (2.60).

2.2.5 Kuramoto’s reduction via Floquet eigenvectors

When allowing for general oscillatory dynamics, deriving explicit formulas for the asymp-

totic phase map Θ(x) and for the isochrons of an oscillator ẋ = f(x) ∈ Rn becomes too

complicated to follow the theory of the previous Section 2.2.4. This is already true when

considering the Hopf normal form of order M = 3. Yet, we can overcome this problem by ex-

ploiting the relationship between the asymptotic phase and the eigenvectors associated with

the linearized part of f(x) about its periodic limit cycle solution xc. The underlying theory

of first-order linear systems with periodic coefficients is called Floquet theory140 and has

been promoted by Kuramoto to being applied for phase reductions38. Also this technique

can be applied, in principle, to any dynamical system with stable limit cycle oscillations.

While it does no longer rely on the explicit form of the phase map Θ, it still requires an

explicit expression of the limit cycle C.
Before we illustrate Kuramoto’s reduction for a network of oscillators in Hopf normal

form of order M = 2 and 3, we will briefly revise the idea of Floquet eigenvectors. These

will be used to derive the phase sensitivity function Z. Note that once Z is obtained, the

computation of the phase interaction function H will follow the same procedure as in the

previous section. To start with we consider an oscillator ẋ = f(x) with a stable T -periodic

limit cycle solution xc. For small deviations u(t) off xc(t), we find for x(t) = xc(t) + u(t)

[20] The coupling function g = (gx, gy) as required for the computation of H has components gx =
gx(θk, θj), gy = gy(θk, θj), which are the real and imaginary parts, respectively, of g

(
wck(θk), wcj (θj)

)
.

[21] The complex dot product for a, b ∈ C is defined as a · b = (āb+ ab̄)/2.
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the linear system

u̇ = L(t)u , with L(t) = ∇f(x)
∣∣
x=xc(t)

(2.62)

and L(t) is a T -periodic n × n-matrix. A general solution of (2.62) takes the form u(t) =

S(t)eΛtu(0), where S(t) is a T -periodic matrix with initial condition S(0) = I and Λ is a

time-independent matrix. The matrix exponential exp(Λt) is defined in the usual way.[22]

The normalized left and right eigenvectors of Λ associated with eigenvalue λj will be denoted

by vj and uj . The limit cycle solution xc being stable implies Re(λj) ≤ 0. While one

eigenvalue λ0 ≡ 0 vanishes, which corresponds to (phase) disturbances along the periodic

orbit C = {xc(t) | t ∈ R}, the other eigenvalues λ1, . . . , λn−1 are assumed to have negative

real parts. Furthermore, we set u0 = ẋc(0). u0 is thus a tangent vector of C at point xc(0)

and has the same direction as that of the infinitesimal phase disturbances. Moreover, u0

satisfies S(t)u0 = ẋc(t).[23] Next we use the facts that the phase sensitivity function Z(θ)

is normal to the tangent space T (θ) of the isochron I(θ) at point θ(t) = xc(θ(t)), and that

T (0) is free from the zero-eigenvector component, cf. Section 2.2.4 and Chapter 3.438. This

means that Z(0)uj = 0 for all j > 0, hence Z(0) must be proportional to the left zero-

eigenvector v0. As Z(θ) has been introduced as the gradient of the asymptotic phase map

Θ(x) evaluated on the limit cycle, we can differentiate Θ(xc) = θc(t) on the limit cycle and

find Z(θ) · ẋc(t) = ω, where we used that θ̇c = ω = 2π/T . Identifying Z(t) with Z(θ) via

θ 7→ t/ω, we can combine our findings above and arrive at

Z(t) = ωv0S(t)−1 . (2.63)

Now, we can apply the result to Mth order Hopf normal forms (2.23). In fact, we have to

determine v0 and S(t) to derive the phase sensitivity function Z. To do so, we consider a

stable limit cycle solution wc(t) = Rceiωt in the polar coordinate dynamics (2.24). A small

deviation z(t) off the limit-cycle trajectory wc(t) as w(t) = wc(t) [1 + z(t)] has the linearized

dynamics

ż =

(
M−1∑
m=0

(−1)m(um + ivm)(Rc)2mm

)
(z+ z̄)+O2(z) =: (ςR+ iςI)(z+ z̄)+O2(z) . (2.64)

Separating real and imaginary parts in terms of z = ξ+ iη, we can simplify (2.64) in matrix

form as
d

dt

(
ξ

η

)
= Λ

(
ξ

η

)
where Λ = −2ςR

(
1 0

c2 0

)
(2.65)

[22]eΛt =
∑∞
k=0

1
k!Λ

ktk = In + Λt+ Λ2t2

2! + . . .
[23]Indeed, differentiating ẋ0(t) = f(x0(t)) on both sides results in

d

dt
ẋ
c
(t) =

d

dt
f(x

c
(t)) = ∇f(x)

∣∣
x=xc(t)

·ẋc(t) = L(t)ẋ
c
(t) .

So ẋc(t) is a particular solution of u̇ = L(t)u. Thus we can write ẋc(t) = S(t)eΛtẋc(0). Using the
definition of the matrix exponential together with Λu0 = λ0u0 = 0, the right-hand side reduces to
S(t)u0 as wanted.



48 Chapter 2

with c2 = ςI/ςR. Usually, c2 = cM2 depends on the order of the Hopf normal form[24]. The

eigenvalues of Λ are λ0 = 0 and λ1 = −2ςR with corresponding left and right eigenvectors

u0 = Rcω

(
0

1

)
, u1 =

(
1

c2

)
,

v0 =
1

Rcω
(−c2, 1), v2 = (1, 0);

(2.66)

the factor Rcω is for consistency with u0 = ẋc(0). Moreover, we find the matrix S(t) by

linking the deviations ξ, η from wc in the complex plane with deviations u ∈ R2 of the

corresponding planar limit cycle solution xc via

u(t) = RcS(t)

(
ξ(t)

η(t)

)
where S(t) =

(
cos(ωt) − sin(ωt)

sin(ωt) cos(ωt)

)
. (2.67)

According to (2.63), the phase sensitivity function is given by

Z(t) = ωv0S(t)−1 =
1

Rc

(
− sin(ωt)− c2 cos(ωt)

−c2 sin(ωt) + cos(ωt)

)
(2.68)

By the change of variables t 7→ θ/ω, we arrive at the same form (2.61) as in the previous

section.

The shape of the phase sensitivity function Z(θ) does not change when incorporating

higher order terms in the Hopf normal form (2.23). In fact, the preceding normal form

reduction imposes circular symmetry on the dynamics, so that the oscillations with constant

radius of the Hopf normal form are to be expected. Incorporating higher order terms in the

Hopf normal form increases the accuracy further away from the bifurcation point. These

terms will lead at most to a horizontal translation of the phase sensitivity function. Still,

this can have important consequences for the synchronization properties of the network. Z

is an integral part of the phase interaction function H and shifting Z might change the slope

of H at the origin, H ′(0), which determines the stability of the fully synchronized network

state, see also Section 2.1.5.

2.2.6 Ashwin & Rodrigues’ reduction via SN×S1-symmetry

In their recent work, Ashwin and Rodrigues proposed an elegant phase reduction technique

by exploiting the symmetry properties of a network of weakly coupled oscillators141, see

also142. In this way it is possible to derive a phase model that respects interaction terms

[24]For second (M = 2) and third order (M = 3) Hopf normal forms

ω̇ =

M−1∑
m=0

(−1)
m
σm|ω|2mω , with σm = um + ivm ,

we have

c
2
2 =

v1

u1

, and c
3
2 =

v2

u2

(
1− u1

[
u
2
1 − 4v0u2

]−1/2
)

+ v1
[
u
2
1 − 4u0u2

]−1/2
.
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beyond mere pairwise coupling. In fact, Ashwin and Rodrigues derived terms that repre-

sent pairwise, triplet and quadruplet phase interactions. As such, this symmetry approach

presents an important extension to previous reported reduction techniques, especially when

dealing with networks featuring complex coupling functions of multiple interacting oscil-

lators. Note, however, that in its rigorous mathematical form, this symmetry approach

requires each oscillator to undergo a generic supercritical Hopf bifurcation and, in addition,

to meet strong symmetry assumptions, which will be specified below. Although this setting

appears restrictive at first, we sketch an idea how to loosen some of the assumptions. As

any dynamical system close to a Hopf bifurcation can be reduced in Hopf normal form, this

will again be our starting point for the following brief revision of the reduction technique.

Moreover, we demonstrate that for pairwise coupling, it will lead to the same phase model

as the other previously presented methods.

Given a network of N ≥ 4 all-to-all coupled oscillators, where each can be described in

Hopf normal form given by ẇk = f(wk;µ) as in (2.23), the symmetry assumptions by Ashwin

and Rodrigues manifest in the network dynamics

ẇk = f(wk;µ) + κ g(wk, w1, . . . , wk−1, wk+1, . . . , wN ) (2.69)

through a full permutation symmetry SN and through the rotational invariance S1. Intu-

itively, full permutation is given if the dynamics (2.69) can be interchangeably used for any

two oscillators k 6= j. That is, the network dynamics remains the same for any permutation

σ ∈ SN with

σ (w1, . . . , wN ) =
(
wσ−1(1), . . . , wσ−1(N)

)
.

As f is the same for all oscillators, this means that g(wk, w1, . . . , wN ) = g(w1, w2, . . . , wN ) is

symmetric under all permutations of the last N−1 arguments that fix the first. In particular,

we need the network to be globally (all-to-all) coupled with Ckj = 1 for all k 6= j with the

same coupling function for all nodes.

Rotational invariance is fulfilled if both the uncoupled term f and the coupling g are

in Hopf normal form. To be more precise, (2.69) is rotational invariant if the rotation of

all variables w1, . . . , wN by the same phase θ ∈ S1 does not change the network dynamics.

Formally, the action of the group S1 on CN is defined by

θ(w1, . . . , wN ) := eiθ(w1, . . . , wN )

for any (phase) θ ∈ S1. Indeed, the non-vanishing, resonant polynomial components (mono-

mials) appearing in the Hopf normal form are exactly those that satisfy the circular S1

symmetry. While we previously assumed g to be an arbitrary power series in its variables,

this power series is restricted to consist of only resonant monomials. For g with monomials

of degree lower or equal to three, we have at most 11 non-vanishing terms that fulfill the

symmetry assumptions141. For weak coupling |κ| � 1 and using equivariant theory, Ashwin
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and Rodrigues derived a phase model

θ̇k = ω̃(θ, κ) + κ
(
H

(2)
k (θ) +H

(3)
k (θ) +H

(4)
k (θ)

)
, (2.70)

which allows interactions of up to four phases: The functions H
(j)
k denote the sums over

pairwise, triplet and quadruplet interactions of the phases for j = 2, 3, 4, respectively, and

θ = (θ1, . . . , θN ) is the phase vector. In Section S.5 of the Supplementary Material, we

provide the explicit expressions of the particular terms in (2.70).

If we consider only pairwise interactions in the coupling function g(wk, w1, . . . , wN ) as in

(2.15) and (2.16), then the dynamics (2.70) reduces to

θ̇k = ω − κµϑ4

u1
cos(ψ4) +

κ

N

N∑
j=1

[
ξ0
1 cos(θj − θk + χ0

1)

+ µ
(
ξ1
1 cos(θj − θk + χ1

1) + ξ1
2 cos

(
2(θj − θk) + χ1

2

))] (2.71)

with parameters defined in Section S.5. Note that (2.71) consists of the first two harmonics

only. Indeed, the terms ξ0
1 cos(ϕ+ χ0

1) + εξ1
1 cos(ϕ+ χ1

1) can be comprised by trigonometric

identities. Furthermore, the constant term −ϑ4/u1 cos(ψ4) presents only minor corrections

to the natural frequency ω = v0 − u0v1/v2. Likewise, the term ξ1
1 cos(θj − θk + χ1

1) can

be discarded as it contributes only negligibly to the first harmonics. By neglecting all non-

dominant terms, we retrieve a phase model of the form

θ̇k = ω +
κ

N

N∑
j=1

[
ξ0
1 cos(θj − θk + χ0

1) + µξ1
2 cos

(
2(θj − θk) + χ1

2

)]
. (2.72)

The parameters ξ0
1 , χ

0
1 and ξ1

2 , χ
1
2 for first and second harmonic correspond exactly to the

coupling coefficients γ and δ of the coupling function as considered in (2.16). Moreover, the

amplitude of the second harmonics scale with µ = (Rc)2 close to the Hopf bifurcation.

In view of a practical application of the theory oulined above, we are confronted with

two major concerns. First, the normal form transformation, as introduced in Section 2.2.1,

recasts only the uncoupled part in Hopf normal form, which satisfies the required symmetry

conditions. The transformed coupling function, however, exhibits in general terms of all

powers and is a priori not shaped to comply with the S1 × SN -symmetry as assumed in

(2.69). Nonetheless, the averaging inherent to determine the phase interaction function H

has shown that only a specific selection of coupling terms contributes to the phase dynamics

(at leading order), see Section 2.2.1.2*. Hence, averaging – which is intrinsically tied to

the assumption of weak coupling and slowly varying phase deviations38,78 – imposes the

symmetry constraints on the coupling function g(wk, w1, . . . , wN ) after the normal form

reduction.

The second concern refers to the the underlying connectivity structure of the network.

Indeed, for any particular choice of coupling topology other than global, all-to-all coupling,

the permutation symmetry SN cannot be upheld. However, for a coupling function h =
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(h1, . . . , hN ) we can heuristically define a substitution operator K via the formal convolution(
K ? h

)
j
(w1, . . . , wN ) = hj

(
Cj1w1, . . . , CjNwN

)
.

Then, we can first follow the theory presented in this section to derive (2.72), and subse-

quently apply the convolution K ? g, which reveals the phase model

θ̇k = ω +
κ

N

N∑
j=1

Ckj
[
ξ0
1 cos(θj − θk + χ1) +Rc2ξ1

2 cos
(
2(θj − θk) + χ2

)]
.

Using trigonometric identities, we eventually arrive at the Fourier coefficients of the desired

form as in (2.17) & (2.60).

2.2.7 Haken’s reduction via averaging

Although the previous phase reduction techniques are formulated for rather general oscilla-

tory dynamical systems, their practical application is limited to a few exceptional cases in

which either explicit formulas for the limit cycle and the asymptotic phase maps are avail-

able, or the dynamics has already been reduced to normal form. An alternative and more

direct approach to reduce an oscillatory network to its phase dynamics, has been promoted

by Haken and applies averaging.

The idea is to average each oscillator over one cycle when assuming that its amplitude

and phase change slowly as compared to the oscillator’s frequency. Following a three-step

approach, first the time-dependent amplitude and phase are fixed. The system is then

integrated over one period to remove all harmonic oscillations; see also143,144 for a more

rigorous reasoning. Last, amplitude and phase are considered again to be time-dependent
see 42,112. Haken popularized this procedure as a combination of rotating wave and slowly

varying amplitude approximations105. While this technique is usually applied to weakly

nonlinear oscillations described by second-order differential equations, see for an overview
e.g., 115,145, it can also be applied to systems of first-order differential equations, as will

be illustrated below. Moreover, this phase reduction technique can also be applied for

oscillatory networks beyond the limit of weak coupling.[25] In fact, it allows to (analytically)

reduce oscillatory network dynamics that are induced through (strong) coupling between the

(excitable) elements, see e.g., 42 and Section 3.3.5.1. As averaging is applied to the linearized

dynamics around an unstable fixed point within a stable limit cycle solution xc (in contrast

to the linearized dynamics around xc as in Section 2.2.5), this technique loses accuracy for

large-amplitude oscillations, see also Section 3.1. Still, it provides a straightforward phase

model whose parameters are directly linked to those of the underlying oscillatory model,

and presents a valuable addition to the variety of phase reduction techniques. Above all,

when applied in the framework of weakly coupled oscillators, the reduction results in the

same phase model as obtained with the other reduction techniques, which will be illustrated

below for coupled oscillators in second order Hopf normal form.

[25]Note the change from “oscillator network” to “oscillatory network” as we have introduced “oscillators”
in Section 2.1.1 such that they exhibit stable limit cycle oscillations without external coupling.
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Applying Haken’s reduction technique to an oscillatory network requires that every node in

the network exhibits stable limit cycle oscillations that can be transformed by an appropriate

change of variables into (nearly) circular shape.[26] Note that these oscillations may also be

coupling induced. In the following we will assume that each node describes stable circular

oscillations. In case of planar oscillatory systems ẋk = f(x;µ) + κgk(x1, . . . ,xN ) with

state vector xk = (xk, yk) ∈ R2, we can perform a polar coordinate transformation xk =

Rk cos(θk), yk = Rk sin(θk) with θk = ωt + φk. Note that while R2
k = x2

k + y2
k and θk =

atan(yk, xk), the (central) frequency ω has to be determined, e.g., as the mean of individual

frequencies ω = (1/N)
∑
j ωj , or alternatively, as the (absolute value of the) imaginary part

of the complex conjugate pair of eigenvalues of the Jacobian of f , that is, ω = Im(λ+) with

λ± ∈ C the pair of complex eigenvalues. φk denotes a slowly varying phase deviation of

unit k from the mean. Assuming that Rk, φk hardly change over one period of oscillation,

T = 2π/ω, i.e. ∣∣∣Ṙk/Rk∣∣∣� ω and
∣∣∣φ̇k/φk∣∣∣� ω , (2.73)

one can average the dynamics over the interval [0, T ) by means of 〈f(s)〉 := 1
T

∫ T
0
f(s)ds.

Exploiting trigonometric identities, the (averaged) dynamics φ̇k and Ṙk can be expressed in

the state variables xk, yk as[27]

φ̇k = −ωk +

〈
1

R2
k

(xkẏk − ykẋk)

〉
(2.74a)

Ṙk =

〈
xkẋk + ykẏk

Rk

〉
. (2.74b)

We retrieve the full phase dynamics by inserting (2.74a) into θ̇k = ω + φ̇k. Note that the

system (2.74) describes both phase and amplitude dynamics, which can be reduced further

if we assume that the (non-trivial) fixed point solution of (2.74b) approximates the (time-

varying) amplitude Rk sufficiently well. Upon inserting the (stationary) solution Rk into

(2.74a), we eventually find the reduced phase dynamics φ̇k, which will split into a natural

frequency part of order O(1) and a coupling part of order O(κ).

A mathematical rigorous application of the Haken approach, as noted above, respects the

basic assumption of weakly coupled oscillators in that we find stable limit cycle oscillations

already in the uncoupled case. For two coupled oscillators w,w′ ∈ C in second order Hopf

normal form with nonlinear coupling as in (2.31),

ẇ = αw − β|w|2w + κ
(
γw′ + δw̄w′2

)
,

where γ = γR + iγI and δ = δR + δI , we consider the dynamics (2.25) in two-dimensional

[26]Such a coordinate change is always possible for, e.g., oscillations that emerge through a Hopf bifurcation.
Away from that point, higher order corrections might be in place; for a corresponding approximation
scheme see 143.

[27]The averaging in (2.74) is sound also from a time-scale separation argument. The assumption (2.73)
implies that φk = φk(τ) and Rk = Rk(τ) depend on a slower time τ = εt. As a result, we obtain
the dynamics of the phase deviation φk and of the slowly varying amplitude Rk by averaging over the
period Tk = 2π/ωk. Indeed, using polar coordinates in the angular brackets of (2.74) one can see that
all terms at least of order O(Rk). Close to the supercritical Hopf bifurcation, 0 < Rk � 1 is small so
that this averaging is appropriate.
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real-valued coordinates w = x1 + iy1 and w′ = x2 + iy2. We first transform the nonlinear

coupling terms in real coordinates and use polar coordinates w = Rei(ω+φ), w′ = R′ei(ω+φ′)

as above. In particular, we can use the following identities

〈xkyk〉 = 0 and
〈
x2
k

〉
=
〈
y2
k

〉
= 1

2
R2
k . (2.75)

Inserting them and the corresponding (xk, yk)-dynamics in (2.74), we define ψ = φ− φ′ and

arrive at

φ̇ = −ω + v0 − v1R
2 + κ

[
R′

R

(
γI cosψ − γR sinψ

)
+R′2

(
δI cos(2ψ)− δR sin(2ψ)

)]
(2.76a)

Ṙ = u0R− u1R
3 + κ

[
R′
(
γR cosψ + γI sinψ

)
+RR′2

(
δR cos(2ψ) + δI sin(2ψ)

)]
. (2.76b)

In the case of weak coupling κ� 1 and close to the Hopf bifurcation R� 1, the R-dynamics

(2.76b) evolves very slowly compared to φ. Therefore, one can assume that R and R′ are

constant and do not vanish. We can solve (2.76b) for R2 by setting Ṙ = 0 as

R2 =
u0

u1
+

κ

u1

[
R′

R

(
γR cosψ + γI sinψ

)
+R′2

(
δR cos(2ψ) + δI sin(2ψ)

)]
,

which is close to the uncoupled limit cycle radius Rc =
√
u0/u1. Substituting Rc into (2.76a)

and using θ̇ = ω + φ̇, we find that

θ̇ = v0 − u0
v1

u1
+ κ

{[(
γI − γR

v1

u1

)
cos(θ − θ′)−

(
γR + γI

v1

u1

)
sin(θ − θ′)

]
+

+ Rc2
[(
δI − δR

v1

u1

)
cos
(
2(θ − θ′)

)
−
(
δR + δI

v1

u1

)
sin
(
2(θ − θ′)

)]}
.

(2.77)

This result can immediately be extended to a network of coupled oscillators yielding the

phase model (2.17) with Fourier coefficients (2.60).

2.3 Numerical phase reduction techniques

As repeatedly said, analytic techniques can provide useful information about the properties

of the limit cycle behavior of the coupled oscillators, which can be used to determine the

corresponding phase model explicitly in terms of the underlying model equations. Analytic

expressions thus explicitly link the parameters of the original dynamics to those of the

phase model. This allows to predict reliably how specific model parameters shape the phase

dynamics of the system. However, as we have seen in the previous sections, only few examples

are mathematically tractable and often an intricate normal form reduction has to precede the

actual phase reduction. Furthermore, the accuracy of such analytic approaches scales with

the distance to the bifurcation point. And, as appealing as the analytic reduction techniques

are, as bulky can be the accompanying algebraic computations. Thus, one may look for a

compromise between the qualitative insights mentioned above and quantitative accuracy of
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the phase reduction.

More accurate reduction techniques heavily rely on a careful assessment of the limit cy-

cle’s properties, such as its shape and its dynamics. This assessment can be automatized

numerically, giving rise to the notion of numerical phase reduction techniques. In contrast

to analytic reduction techniques, the numerical approaches do not necessarily aim at ex-

plicit equations that describe the limit cycle, but store all numeric values that are needed

in the subsequent reduction steps. In this way the phase dynamics can be obtained with

high accuracy, both near and far from bifurcation points; see also Sections 3.1 and 3.2 for

illustration.

Conceptually, numerical approaches can be distinguished between adjoint and direct meth-

ods, which will be presented in the following sub-sections 2.3.1 and 2.3.2, respectively. In a

nutshell, direct methods numerically evaluate the phase response to perturbations p via the

phase response function G(θ,p), whereas adjoint methods numerically compute the phase

sensitivity function Z(θ), which has been defined in Section 2.1.2. In a strict sense, both

of them build on a thorough analytic basis. Yet, determining the phase response proper-

ties of an oscillator is not enough to constitute a phase model of the form (2.3). One also

needs to incorporate the coupling function gkj to estimate the phase interaction function

Hkj introduced already in (2.14) as

Hkj(ψ) =
1

2π

∫ 2π

0

Z(ϕ+ ψ)·gkj(ϕ+ ψ,ϕ) dϕ . (2.78)

Recall that the coupling function g in (2.14) is evaluated on the limit cycle C. Even if C
cannot be determined analytically, this can be achieved numerically. Deriving numerically

the phase model thus combines the numerical computation of the phase response, which

becomes the phase sensitivity function Z(θ) in the limit of infinitesimal perturbations, and

the evaluation of the coupling function g(θk, θj) at the numerically estimated limit cycle.

We will refer to this algorithmic procedure as a numerical phase reduction technique. The

particular type of numerical phase reduction technique eventually depends on whether Z(θ)

is determined with an adjoint or a direct method. In the following sub-sections we will revise

the main ideas behind the different methods, where we focus mainly on the computation of

Z(θ), and refer to several numerical toolboxes for more details about their implementation.

To anticipate, both adjoint and direct techniques provide very similar results. In our ap-

plications in Sections 3.1 and 3.2 we will hence use them interchangeably as “the” numerical

phase reduction technique.

2.3.1 Adjoint method

The adjoint method presents an accurate way to derive the phase dynamics of coupled os-

cillators78,86,146,147. It is closely related to the direct method in the limit of infinitesimal

perturbations due to the link between the phase sensitivity function and the phase response

function, see Section 2.2.4 and102. From a mathematical point of view they are even equiv-

alent, together with the method based on Floquet eigenvectors in Section 2.2.5, since all of
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them evaluate the linearized dynamics around the oscillator’s stable limit cycle. Due to the

practical advantage of numerical algorithms, the adjoint and direct methods present powerful

alternatives to analytic reduction techniques.

2.3.1.1 Malkin’s theorem

The adjoint method has been summarized in Theorem 9.278 by Hoppensteadt and Izhike-

vich. It follows earlier work by Malkin148 and is often referred to as Malkin’s method.

Malkin’s theorem states that for a network of weakly coupled oscillators ẋk = fk(xk) +

κ gk(x1, . . . ,xN ) ∈ Rn, where each uncoupled oscillator has an exponentially orbitally sta-

ble T -periodic solution xck, the reduced phase dynamics is given by θ̇k = ω + κHk(θ − θk)

with ω = 2π/T , phase vector Ψ := (θ1− θk, . . . , θN − θk), and the phase interaction function

Hk at first order

Hk(Ψ) = 1
2

∫ 2π

0

Zk(ϕ) · gk (xc1(ϕ+ θ1 − θk), . . . ,xcN (ϕ+ θN − θk)) dϕ ,

The oscillators’ phase sensitivity function Zk(θ) ∈ Rn is the unique non-trivial T -periodic

solution to the linear system[28]

ẏ = −
(
∇fk(x)|x=xc

k
(t)

)ᵀ
y(t) (2.79)

satisfying the normalization condition

y(0) · fk (xck(0)) = ω . (2.80)

This theorem is fairly general and can also be extended for weakly coupled oscillators whose

stable limit cycle oscillations have slightly different periods Tk, see78. Moreover, the theorem

does not rely on assumptions of the kind that any oscillator is required to be close to some

bifurcation point.

In the case of a network of (nearly) identical oscillators, fk = f , equations (2.79) & (2.80)

must only be solved once to retrieve the phase sensitivity function Z. An alternative but

illustrative proof that Z solves (2.79) & (2.80) has been provided by102, see also Section S.6

in the Supplementary Material. In a nutshell, when considering an infinitesimal perturbations

p to the stable limit cycle solution xc(t) at time t = 0, then u(t) defined via x(t) = xc+u(t)

follows the linearized dynamics

u̇(t) = ∇f(x)|x=xc(t) u(t) =: L(t)u(t) , (2.81)

see also Section 2.2.5. By rewriting (2.81) as Lu = 0 with the linear operator (Ly) (t) :=

ẏ(t) − L(t)y(t), it can be shown that the phase sensitivity function Z is a solution of the

[28]We again identify Zk(θ) and Zk(t) via the constantly increasing phase θ̇ = ω on the limit cycle and
by fixing a reference phase θ0 = 0 at t = 0.



56 Chapter 2

adjoint problem

L∗Z = 0 , where (L∗y) (t) := −ẏ(t)−L(t)ᵀy(t) ,

with initial condition Z(0) · ẋ = ω, which is (2.80). Importantly, solving the adjoint problem

(2.79) & (2.80) for an oscillator in Hopf normal form reveals the same phase sensitivity

function that has been reported in Section 2.2.4 cf. 86.

For arbitrary limit cycle oscillators, one can solve L∗y = 0 numerically by integrating the

equation ẏ = −L(t)ᵀy backward in time149. As long as the limit cycle is asymptotically

stable, backward integration exactly retrieves the periodic solution of the adjoint equation

and cancels possible higher harmonics out. In this way the adjoint method is efficiently

automated in Ermentrout’s software package XPPAUT150. As the numerical procedures

do not rely on a critical distance to a bifurcation point, the adjoint method can provide a

valuable reference to monitor accuracy, and, by this, the validity of analytic phase reduction

techniques as a system gradually moves away from a supercritical Hopf point. We will exploit

this capacity in the forthcoming Sections 3.1 and 3.2

XPPAUT and Matcont The numerical exploration of the phase sensitivity function as the

solution to the adjoint problem (2.79) & (2.80) may present a problem in itself. In fact, the

solution Zk(T ) = Z(0) of (2.79) is periodic, so that we encounter a boundary value problem.

While a direct integration is impossible, the XPPAUT package uses backward integration149

after which the solution of (2.79) approaches the periodic solution corresponding to the phase

sensitivity function. This algorithm, however, has to rely on a numerical interpolation of

the Jacobian matrix being evaluated at the limit cycle solution. Another drawback of the

procedure is the slow convergence of the adjoint solution towards the phase response curve

when the limit cycle is only weakly stable. Govaerts and Sautois151 proposed an alternative

numerical approach to solve the adjoint problem. It does not suffer from the aforementioned

shortcomings. Their algorithm solves the corresponding boundary value problem using an

orthogonal collocation method with Gauss collocation points. As a by-product, they obtain

the phase sensitivity function. The method is fast, rendering it particularly useful when a

large number of phase response curves are needed, e.g., for the evolution of limit cycles if one

parameter of the system is changed. This method is implemented in the Matlab software

package MatCont152.

2.3.1.2 Ermentrout & Kopell’s reduction

An alternative method that relies on the gradient evaluated on the oscillator’s limit cy-

cle has been put forward by Ermentrout and Kopell146,147,153. They propose a coordinate

transformation xk = Tk(θk,ρk) resembling, at first sight, a phase-amplitude description;

cf. Section 3.3.7 for discussion. An isolated oscillator ẋk = fk(xk),xk ∈ Rn, has an asymp-

totically stable limit cycle solution xck(t) with period Tk and frequency ωk = 2π/Tk. Then,

the transform Tk maps xk to variables θk ∈ S1 and ρk ∈ Rn−1. The phase θk parametrizes

xck along the limit cycle C and the amplitudes ρk are normal coordinates in a neighborhood

http://www.math.pitt.edu/~bard/xpp/xpp.html
http://www.math.pitt.edu/~bard/xpp/xpp.html
http://www.scholarpedia.org/article/MATCONT
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of C, with ρk = 0 directly on it. One can choose the transform of the form

xk(t) = Tk (θk(t),ρk(t)) = xck (θk(t)) +Mk (θk(t))ρk(t) +O2(ρk) , (2.82)

where Mk(θ) is an n× (n− 1)-matrix and

Mk(θ)ᵀMk(θ) = I(n−1)×(n−1)

x′0,k(θ)ᵀMk(θ) = 01×(n−1) .
(2.83)

The prime ′ denotes the derivative with respect to θ. Then for small ρk, one can express the

dynamics ẋk = fk(xk) as

θ̇k = ωk +O(ρk) , ρ̇k = ak(θk)ρk + o(ρk) . (2.84)

Coupling the oscillators according to ẋk = fk(xk)+gk(x1, . . . ,xN ), results in the dynamics

θ̇k = ωk + hk(θ1, . . . , θN ) +O(|{ρ1, . . . ,ρN}|) , (2.85a)

ρ̇k = ak(θk)ρk + dk(θ1, . . . , θN ) +O(|{ρ1, . . . ,ρk−1,ρk+1, . . . ,ρN}|) + o(|ρk|) . (2.85b)

While the ak only depend on the fk’s, the hk and dk also depend on the coupling terms

gk, k = 1, . . . , N . The precise form of the terms in the dynamics (2.85) as well as the

corresponding proofs can be found in Section S.7 of the Supplementary Material. In the

limit of ‘infinite attraction’ to the limit cycle, ρk → 0, (2.85) reduces to the θk dynamics

only. That is, the larger the strength of attraction of the limit cycle, the more accurate the

phase model.

Ermentrout and Kopell showed that if the coupling functions gk have some specific form,

the interaction terms in the reduced phase model display a pulse-response coupling like

θ̇k = ωk + α0

N∑
j=1

Pj(θj)R(θk) , α0 ∈ R . (2.86)

The function Pj(θj) represents a perturbation through oscillator j and R(θk) can be un-

derstood as a phase response curve, see also153 for explanatory comments on this rela-

tionship. From a historical point of view, Winfree was among the first who proposed re-

duced phase dynamics of the above form85. As to their derivation, we first assume that

the coupling function gk : RN×n → Rn can be expressed as the sum of pairwise inter-

actions gk(x1, . . . ,xN ) =
∑
j g̃k(xj ,xk). Omitting the tildes, we suppose that the terms

gk = (gk,1, . . . , gk,n)ᵀ : R2×n → Rn are nonzero in only one variable, say gk,i. We fur-

ther assume that this component can be written as gk,i = α(xj)β(xk) for some functions

α, β : Rn → R. Then, the functions hk in (2.85a) decouple and we regain the dynamics

(2.86).

This pulse-response type of phase models holds for oscillator dynamics with arbitrary large

coupling strengths. However, if interactions are scattered along the period of the oscillators,
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the system can behave as though the coupling was averaged over a period147. In that case,

the phase interaction function H(θj−θk) = (1/2π)
∫ 2π

0
hk(φ+θj−θk, φ)dφ will only depend

on the phase differences ψkj = θk−θj . When considering two coupled oscillators with pulse-

response coupling in the reduced phase equations of the form hk(θk, θj) = P (θj)R(θk) with a

non-negative pulse function P (θ) = 1 + cos(θ) and general response function R(θ) = sin(θ),

the phase interaction function becomes purely sinusoidal,

H(ψ) = 1
2π

∫ 2π

0

hk(θ, θ + ψ)dθ = 1
2

sin(ψ) .

Furthermore, if the rate of attraction to the limit cycle is finite, but the coupling is suffi-

ciently weak, one can use invariant manifold theory154 to establish an invariant torus. Single

contributions through the coupling may not appear immediately. But cumulative coupling

effects arise after one period and averaging is needed to constitute a phase interaction func-

tion H. For oscillators with only small frequency differences of order O(ε), one can rewrite

the isolated oscillator dynamics as ẋk = fk(xk) = f(xk)+O(ε) and subsume the O(ε) terms

of frequency differences under the coupling terms gk. Then, formally we have identical os-

cillators with limit cycle solutions xc(t) and frequencies ω = 2π/T . Given small coupling

strengths, one can also replace gk by εgk. By performing the coordinate transform (2.82)

one finds that ρk will be ε-close to the invariant torus so that we can write ρk = εsk. Fol-

lowing147, one eventually arrives at the phase interaction function H(ψkj) for the differences

ψkj = φk − φj of phase deviations φk from the uncoupled limit cycle phases θk = ωkt+ φk,

which reads

Hk(ψkj) =
1

T

∫ T

0

b(t)sk(t) + ρ−1(t)
(
xc′(t)

)ᵀ
gk (xc(t),xc(t+ ψkj)) dt . (2.87)

The exact form of b(t) can be found in Section S.7. Simplifying the expression above, (2.87)

can be recast as

Hk(ψkj) =
1

T

∫ T

0

Z(t) · gk (xc(t),xc(t+ ψkj)) dt , (2.88)

where Z is the solution to the adjoint problem of the previous Section 2.3.1. In fact, Er-

mentrout and Kopell provided two different methods in the appendix of147 to derive (2.88).

While their second method overlaps to great extent with the adjoint method above, we re-

capitulate their other “geometric” method in Section S.7.[29] Both methods as well as the

one presented in Section 2.3.1 are equivalent and the difficulties remain to find exact solu-

tions when evaluating the dynamics along the (analytically unknown) limit cycle trajectory.

Nevertheless, these approaches have proven quite successful and serve for that reason as a

valuable means to test and validate analytic results.

[29]An alternative proof to establish phase equations for oscillatory neural networks is given in Theorem
9.178 by Hoppensteadt and Izhikevich. They focus on the phase dynamics of (2.85) and use normal
form theory as presented in Section 2.2.1 to describe perturbations P off the invariant manifold of (the
product of) hyperbolic limit cycles. Ad-hoc they interpret their choice P ≡ 0 as an ‘infinite attraction’
to the invariant manifold and thus link their result to Ermentrout and Kopell’s work.
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2.3.2 Direct method

Direct methods differ conceptually from adjoint methods in that they do not immediately

solve for the phase sensitivity function Z. Instead, direct methods aim at quantifying the

phase response to an (arbitrarily small or large) stimulus p of the limit cycle trajectory

xc(t) at a particular phase θ. We introduced this type of response as the phase response

function G(θ,p) in Section 2.1 and presented an exact description how to determine G.

This direct method can also be implemented experimentally, which dates back to the work

by Glass, Mackey and co-workers155 in the 1980s. Despite its simplicity, the experimental

procedure is not very accurate when it comes to infinitesimal perturbations. That is why

direct methods have been avoided to compute the phase sensitivity function Z via G(θ,p) in

the limit of infinitesimal perturbations ‖p‖ � 1. Recently, however, Novičenko and Pyragas

proposed an algorithm based on the same idea of the oscillator’s response to short finite pulses

at different phases of the limit cycle156. Their algorithm does not require any backward

integration nor a numerical interpolation of the Jacobian. Moreover, it is faster than the

algorithms implemented in XPPAUT, see Section 2.3.1 above. This is especially true when

the limit cycle is only weakly stable. The idea behind this algorithm builds on the (linearized)

dynamics (2.81) of infinitesimal deviations u from the limit cycle C = {xc(t) : 0 ≤ t ≤ T} as

the adjoint method,

u̇(t) = ∇f(x)|x=xc(t) u(t) , (2.89)

where xc(t) denotes the T -periodic limit cycle solution of ẋ = f(x) with initial condition

x(0) = xc(θ) (initial phase θ). To obtain the j-th component Zj of the phase sensitivity

function Z, we choose the initial condition u(0) = (u1(0), . . . , un(0))ᵀ with uk(0) = δkj

where δkj denotes the Kronecker-δ. Then, it can be found156 that

Zj(θ) = lim
p→∞

f (xc(θ)) · u(pT )

f (xc(θ)) · f (xc(θ))
. (2.90)

To improve this algorithm, the authors replaced the vector u by the fundamental matrix Φ

and eventually extract the phase sensitivity function Z from Φ. For more details, we refer

to their instructive work156, which includes numerical demonstrations of the algorithm and

a comparison with the standard algorithm as implemented in XPPAUT.

For our purposes, we tested the standard algorithm, both using XPPAUT as well as our

own adjoint solver implemented in Matlab (The Mathworks Inc., Natwick, MA), against the

one presented here. We found a very good agreement between all methods, such that we use

either of them interchangeably as “the” numerical method unless stated otherwise.

http://www.math.pitt.edu/~bard/xpp/xpp.html
http://www.math.pitt.edu/~bard/xpp/xpp.html
http://www.math.pitt.edu/~bard/xpp/xpp.html
http://mathworks.com
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